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ABSTRACT

The Wilcoxon signed rank test statistic (T*) is one of the most widely used nonparametric test
statistic for one-sample and paired-sample data. As the sample size increases, it is well known that this test
statistic can be approximated by a normal distribution [1]. The Gibbons and Chakraborti assumes the
independence between the sign indicator Z; and the rank r(D;) and T* = ¥ 31 ;< j<y Tj; in their proof of

asymptotic normality of Wilcoxon signed rank test statistic Tt [1], however these assumptions are not
rigorously proved. In this work, we demonstrate the rigorous proof of both of these assumptions as two
theorems, thereby completing Gibbons and Chakraborti’s derivation of asymptotic distribution of the
Wilcoxon signed rank test statistics 7T and provide applications for these two theorems.

1. Introduction

The Wilcoxon signed rank test statistic (T*) is widely used in one-sample nonparametric
tests [2] for inference about the sample median, assuming only that the underlying distribution is
symmetric. The test uses both the sign of the differences D; between observations an the
hypothesized median, under the null hypothesis, as well as the magnitude of those differences.

For large sample sizes, the distribution of this statistic can be approximated by a normal
distribution. Claypool, P. L. and Holbert, D. evaluated accuracy of normal approximations to the
distribution of Wilcoxon signed rank statistics through computational studies [3].

To date authors such as Gibbons and Chakraborti [1] have outlined the calculation of the
mean and variance of the Wilcoxon signed rank test statistic. However, a detailed justification of
the independence between the sign indicator Z; and the rank of D;,r(D;) has typically not been
provided. Authors have also assumed that T* = ¥, ¥\1;<;<y T;; in the computation of the variance
of T* without rigorous mathematical proof, where T;; is an indicator of the sign of D; + Djand N
is the sample size.

In addition to Gibbons and Chakraborti’s work [1], Brian Albright recently provided the
calculation of the distribution of the sum of signed ranks and developed an exact recursive
algorithm for the distribution as well as an approximation of the distribution using the normal [4].
His proof of approximating Wilcoxon signed rank statistics by normal distribution is similar to the
proof by Gibbons and Chakraborti [1] in that independence between the sign indicator Z; and the
rank of D; was implicitly assumed however was not rigorously proved.

In this work, we fill in the details for the justification of the asymptotic distribution of
Wilcoxon signed rank test statistic, presenting two proofs:

(1) The proof of independence between Z; and r(D;) with the assumption that the
distribution is symmetric; and (2) the proof that T = ¥ 31 ;< <y T;; With probability 1.
Wilcoxon signed rank test:

Let X3, ..., Xy be a random sample from a continuous cdf Fy with median M.
Assume that the distribution is symmetric about M, that is
fx(M —x) = fx(M+x)Vx
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Where fy is pdf of X.

We would like to test the hypothesis: Hy: M = M,

Denote: D; = X; — M and Z; = {(1) i; gi Z 8

Wilcoxon signed rank test

Tt=YN,Zr(D;) and T~ = XN, (1 — Z)r(|D;])

Approx1mat1ng the asymptotic dlstrlbutlon of the Wilcoxon s1gned rank test statistic:

E<T+|H0>—ZE<Zr<|D|>) Zm)g(r(wm Z Ll M@y

In here the second equality is true if and only if Z; and r|D;| are independent under null
hypothesis
In order to derive the variance of T+ under null hypothesis,

N

4 24
we need to prove that TY = Y Y i< jS;, T;; with probability 1.

2. The Independence Between Z; and r(D;)

1ifD;>0
0ifD;<0’
|Dj |) for any continuous random variable
X; that is symmetrically distributed about 0,Z,, ..., Zy are independent of r(|D;|)
Proof.

Based on the assumption that the distribution of X is symmetrical, we can prove the
independence of Z; and r(|D;|) as follows.
Assume that X is continuous random variable and symmetrically distributed about 8, let us show
that Z; and r(|D;|) are independent, where D; = X; —0,r(X;) = Z?Lll(Xi > Xj) Z; =
{1 if D;>0 and
0if D; < 0?
1(X;,> X;) = { Y X=X

0 otherwise

First let us show that Z; is independent of | D;| for all possible i

Since X;’s are identically and independently distributed, we only need to show that Z is
independent of D = X — 6 under null hypothesis.

1
CDF of |D| is P(|D| = x) where x = 0,and Z~ Ber (5> under H,

Theorem 1. LetZ; = { D; =X;— 6 and r(ID;)) = XY, I(|D;] >

P(Z=1) = EZ) =%
P(Z = 1)P(ID| = x) =%p(|x-9| > x) =%P[{X—9 > x}U{X -6 < —x}]

=%[(P(X—92x)+P(X—9S—x))]=P(X—02x)=P(X—92x,X—020)

=PX-0=2x,Z=1)=P(X-0|=2x,Z=1)
The third equality is because x > 0sothat{X -6 > x}N{X -0 < —x} =0
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The fourth equality is because we assume that X is and symmetrically distributed about 6.
The fifth and seventh equalities are because x > 0.

P(Z=0)P(D|=x) = %qu -6 > x)%P[{X —0=>xUf{X—-60<—-x}]

=%[(P(X—02x)+P(X—9S—x))]=P(X—0s—x)zP(X—Hs—x,X—BSO)

=PX-0<-xZ=0)=P(|X—-0|=2x,Z=0)

In summary:

P(|X—-06|=x,Z=2)=P(|X—-6| =x)P(Z =2)

Thus, we have proved the independence between |D;| and Z; under H,,
C(Lif D;>0_(1if X;>6

Zi‘{o if Diso_{o if X,<6°

Since X3, ..., Xy are mutually independent, X5, ..., X are independent of |D]|, ..., | Dy

r(|D;|) = Z?Lll(lDil > |Dj|) = g(|D4], ..., |Dy|) is function of only |D4]|, ..., | Dy

Therefore Z, ..., Zy are independent of (| D; ).

thus Z; is function of only X;.

3. The Signed Rank Test Statistic T = ¥ ¥ 1.;<j<y T

Theorem 2. LetT* =Y, Zir(ID;]), and T;; = {1 if Di + Dy > 0 then T+ =
0 otherwise

X 2a<i<j<n Tij-

Proof

_ _ (1 if Aistrue
Define I[A] = {0 if Ais false

N

T+ = iZir(lDzl) = il(Di > 0) Zl(lDil —|D;| = 0)
i i=1 j=1
ZI(D > 0)

Mz

(4o = 12,1) (124 + [B,)) = 0)

1l
[y

J

= 1M

. /
1(D; > 0) z (D?-D?) 2 0)

1((pi +D;)(D; - D}) = 0)

~
1l
=
1T
~.
1l
=

N N

=Zl(Di>0) z ((Di +D; 2 0,0, = D; 2 0) or (D; + D; < 0,D; — D; < 0))
i=1 =1
N [ N

=Zl(Di>0) Z(I(Dl-+DjZO,Di—Dj20)+I(Di+DjS0,Di—DjSO))
i=1 =1

We used the fact that [(AU B) = I[A] + I[B]if ANB = ¢

But,

232



JPSS Vol.24No. 1 February2026 pp. 230-235

If D; > 0 then I(D; + D; < 0,D; —D; <0) = 0.
InfactD;+Dj<0,D;—D; <0-2D; <0 -»D; <0
Then, with probability 1,

N

N
T+ = Z 1(D; > 0)I(D; + D; = 0,D; — D; = 0)
i=1|j=1

D;+ D; = 0,D; — D; = 0 also implies that D; = 0

Therefore I(D; > 0)I(D; + D; = 0,D; —D; = 0) = I(D; # 0)I(D; + D; = 0,D; — D; = 0)

and I(D; > 0)I(D; + D; < 0,D; — D; < 0) = 0 with probability 1.

And then
N N
T+ = Z (D; # 0)I(D; + D; = 0,D; — D; > 0)
i=1]j=1
N N
= Z Z(Di # 0)I(D;+D; =0,X;—X; = 0)
i=1|j=1

Because D; = X; — M,
But I(D; # 0) = 1 occurs with probability 1 since Fy is continuous. Then, with probability 1,

N N N N
Tt = z Zl(Di +D;=0X,—X;=0)|= z ZI(D(D + D¢y = 0,Xy) — X(j) = 0)
i=1]j=1 i=1]j=1
N N
= Z 2 (D + Dy = 0)I(Xy = X¢jy 2 0)
i=1|j=1
By Fubini’s theorem:
N r N
= Z zI(D@ +Dgjy 2 0)I(Xe) — Xy = 0)]
j=1Li=1

ButX(i) —X(j) >0 < i>jthen
N -

N
Tt = Z zI(D(D +Dy=0)I(i—j= 0)]

j=1Lli=1

Ifi<jthenI(i—j>=0)=0andIfi>jthenI(i—j>0)=1

Therefore
N[N N[N

T+ =z ZI(D(D+D(]-) >0) =Z ZI(DL-+D]- >0) =Z Z Ty
j=1|i=j j=1|i=j 1<i<j<N

with probability 1.
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4. Applications

To compute the mean of Wilcoxon signed rank test statistic (T*), we need to know the
relation between T and T;;. By definition of T;; we have,

E(T;j) = P(D; + D; > 0); E(T;;) = P(D; > 0)

By theorem 2, we have

1<i<j<N
Then, it has been demonstrated by Gibbons et. al [2] that

N-1
E(T*) = NE(T;) + N( > )E(Ti]-) =N-P(D;>0)+
Under null hypothesis

N(N —-1)
2

-P(D; +D; > 0)

1 NN—-1) 1 NWN+1)
E(T*|H) =N =4 ——> o= ———
(T |Ho) 27 T 2 2 4
To compute the variance of Wilcoxon signed rank test statistic (T ™), we also need to know
the relation between T* and Tj;.

By definition of T;; we have,
E(T;;) = P(D; + D; > 0); E(Ty;) = P(D; > 0);
Var(Ty) = E(TF) — [E(T;)]? = E(Ty) — [E(T;)]* = P(D; > 0) — [P(D; > 0)]?
Var(y) = E(13) = [E(Ty)]" = E(Ty) = [E(Ty)]" = P(Di + D; > 0) = [P(Di + D; > 0)]
cov(Ty, Tij) = E(TuTij) — E(TW)E(T;))
=P(D; > 0,D; + D; > 0) — P(D; > 0)P(D; + D; > 0)
cov(Ty, Tix) = E(TijTie) — E(Tij)E (T
= P(D; + D; > 0,D; + Dy, > 0) — P(D; + D; > 0)P(,D; + Dy > 0)
cov(Tl-j, Thk) =0
By theorem 2, we have

Var(T*) = Var Z z T;j

1<i<j<N
Then, it has been demonstrated by Gibbons et. al [2] that

Var(T*) = Var z Z T;j

1<i<j<N

= Nvar(Ty;) + (1;[) var(T;;) + 2N(N — 1)cov(Ty;, Ty) + ZN(

+ (IZ) cov(Tij, Thk)
Under null hypothesis

N - 1) COU(Tl'j, Tl'k)

N(N+1)(2ZN +1
Var(T*|H,y) = Var Z Z Tij || Ho| = ( z)i )

1<i<j<N
From the generalization of central limit theorem, as N = oo, the distribution of statistics
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. NWN+1
T ———F—
/ =
\/N(N + 12N +1)
24

converges to standard normal distribution under null hypothesis.
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