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ABSTRACT 
The Wilcoxon signed rank test statistic (𝑇ା) is one of the most widely used nonparametric test 

statistic for one-sample and paired-sample data. As the sample size increases, it is well known that this test 
statistic can be approximated by a normal distribution [1]. The Gibbons and Chakraborti assumes the 
independence between the sign indicator 𝑍௜ and the rank 𝑟(𝐷௜) and 𝑇ା = ∑ ∑ 𝑇௜௝ଵஸ௜ஸ௝ஸே  in their proof of 
asymptotic normality of Wilcoxon signed rank test statistic 𝑇ା [1], however these assumptions are not 
rigorously proved. In this work, we demonstrate the rigorous proof of both of these assumptions as two 
theorems, thereby completing Gibbons and Chakraborti’s derivation of asymptotic distribution of the 
Wilcoxon signed rank test statistics 𝑇ା and provide applications for these two theorems. 

1. Introduction 

The Wilcoxon signed rank test statistic (𝑇ା) is widely used in one-sample nonparametric 
tests [2] for inference about the sample median, assuming only that the underlying distribution is 
symmetric.  The test uses both the sign of the differences 𝐷௜  between observations an the 
hypothesized median, under the null hypothesis, as well as the magnitude of those differences. 

For large sample sizes, the distribution of this statistic can be approximated by a normal 
distribution. Claypool, P. L. and Holbert, D. evaluated accuracy of normal approximations to the 
distribution of Wilcoxon signed rank statistics through computational studies [3].  

To date authors such as Gibbons and Chakraborti [1] have outlined the calculation of the 
mean and variance of the Wilcoxon signed rank test statistic. However, a detailed justification of 
the independence between the sign indicator 𝑍௜ and the rank of 𝐷௜,𝑟(𝐷௜) has typically not been 
provided. Authors have also assumed that 𝑇ା = ∑ ∑ 𝑇௜௝ଵஸ௜ஸ௝ஸே   in the computation of the variance 
of 𝑇ା without rigorous mathematical proof, where 𝑇௜௝ is an indicator of the sign of 𝐷௜ + 𝐷௝and N 
is the sample size.  

In addition to Gibbons and Chakraborti’s work [1], Brian Albright recently provided the 
calculation of the distribution of the sum of signed ranks and developed an exact recursive 
algorithm for the distribution as well as an approximation of the distribution using the normal [4]. 
His proof of approximating Wilcoxon signed rank statistics by normal distribution is similar to the 
proof by Gibbons and Chakraborti [1] in that independence between the sign indicator 𝑍௜ and the 
rank of 𝐷௜ was implicitly assumed however was not rigorously proved.  

In this work, we fill in the details for the justification of the asymptotic distribution of 
Wilcoxon signed rank test statistic, presenting two proofs: 

(1) The proof of independence between 𝑍௜  and 𝑟(𝐷௜)  with the assumption that the 
distribution is symmetric; and (2) the proof that 𝑇ା = ∑ ∑ 𝑇௜௝ଵஸ௜ஸ௝ஸே  with probability 1. 
Wilcoxon signed rank test: 
Let 𝑋ଵ, … , 𝑋ே be a random sample from a continuous cdf 𝐹௑ with median 𝑀.  
Assume that the distribution is symmetric about 𝑀, that is 

𝑓௑(𝑀 − 𝑥) = 𝑓௑(𝑀 + 𝑥) ∀ 𝑥 
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Where 𝑓௑ is pdf of 𝑋.  
We would like to test the hypothesis: 𝐻଴: 𝑀 = 𝑀଴ 

Denote: 𝐷௜ = 𝑋௜ − 𝑀 and 𝑍௜ = ൜
1  𝑖𝑓   𝐷௜ > 0
0  𝑖𝑓   𝐷௜ ≤ 0

 

Wilcoxon signed rank test 
𝑇ା = ∑ 𝑍௜𝑟(|𝐷௜|)

ே
௜ୀଵ  and 𝑇ି = ∑ (1 − 𝑍௜)𝑟(|𝐷௜|)

ே
௜ୀଵ  

Approximating the asymptotic distribution of the Wilcoxon signed rank test statistic: 

𝐸(𝑇ା|𝐻଴) = ෍ 𝐸൫𝑍௜𝑟(|𝐷௜|)൯ = ෍ 𝐸(𝑍௜)𝐸൫𝑟(|𝐷௜|)൯ = ෍
1

2
൬

𝑁 + 1

2
൰ =

𝑁(𝑁 + 1)

4

ே

௜ୀଵ

ே

௜ୀଵ

ே

௜ୀଵ

 

In here the second equality is true if and only if  𝑍௜  and  𝑟|𝐷௜| are independent   under null 
hypothesis  
In order to derive the variance of 𝑇ା under null hypothesis, 

𝑉𝑎𝑟(𝑇ା|𝐻଴) = ෍
[𝑟(|𝐷௜|)]ଶ

4
=

ே

௜ୀଵ

  
𝑁(𝑁 + 1)(2𝑁 + 1)

24
  

we need to prove that 𝑇ା = ∑ ∑ 𝑇௜௝ଵஸ௜ஸ௝ஸே  with probability 1. 

2. The Independence Between 𝐙𝐢 and 𝐫(𝐃𝐢)  

Theorem 1. 𝐿𝑒𝑡 𝑍௜ = ൜
1  𝑖𝑓 𝐷௜ > 0
0  𝑖𝑓 𝐷௜ ≤ 0 

, 𝐷௜ = 𝑋௜ − 𝜃 𝑎𝑛𝑑  𝑟(|𝐷௜|) = ∑ 𝐼൫|𝐷௜| >ே
௝ୀଵ

ห𝐷௝ห൯ 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 
 𝑋௜ 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑎𝑏𝑜𝑢𝑡 𝜃, 𝑍ଵ, … , 𝑍ே 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑟(|𝐷௜|)  
Proof. 

Based on the assumption that the distribution of  𝑋  is symmetrical, we can prove the 
independence of 𝑍௜  𝑎𝑛𝑑 𝑟(|𝐷௜|) as follows. 
Assume that 𝑋 is continuous random variable and symmetrically distributed about 𝜃, let us show 
that  𝑍௜  and  𝑟(|𝐷௜|)  are independent, where 𝐷௜ = 𝑋௜ − 𝜃, 𝑟(𝑋௜) = ∑ 𝐼൫𝑋௜ > 𝑋௝൯ ே

௝ୀଵ   𝑍௜ =

൜
1  𝑖𝑓   𝐷௜ > 0
0  𝑖𝑓   𝐷௜ ≤ 0

 and 

𝐼൫𝑋௜ > 𝑋௝൯ = ൜
1   𝑖𝑓  𝑋௜ > 𝑋௝ 

0  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
 

First let us show that 𝑍௜ is independent of |𝐷௜| for all possible 𝑖 
Since 𝑋௜’s are identically and independently distributed, we only need to show that 𝑍 is 

independent of 𝐷 = 𝑋 − 𝜃 under null hypothesis. 

𝐶𝐷𝐹 𝑜𝑓|𝐷| 𝑖𝑠 𝑃(|𝐷| ≥ 𝑥) 𝑤ℎ𝑒𝑟𝑒 𝑥 ≥ 0, 𝑎𝑛𝑑 𝑍~ 𝐵𝑒𝑟 ൬
1

2
൰  𝑢𝑛𝑑𝑒𝑟 𝐻଴   

𝑃(𝑍 = 1) = 𝐸(𝑍) =
1

2
 

𝑃(𝑍 = 1)𝑃(|𝐷| ≥ 𝑥 ) =
1

2
𝑃(|𝑋 − 𝜃| ≥ 𝑥) =

1

2
𝑃[{𝑋 − 𝜃 ≥ 𝑥} ∪ {𝑋 − 𝜃 ≤ −𝑥}] 

=
1

2
ൣ൫𝑃(𝑋 − 𝜃 ≥ 𝑥) + 𝑃(𝑋 − 𝜃 ≤ −𝑥)൯൧ = 𝑃(𝑋 − 𝜃 ≥ 𝑥) = 𝑃(𝑋 − 𝜃 ≥ 𝑥, 𝑋 − 𝜃 ≥ 0) 

= 𝑃(𝑋 − 𝜃 ≥ 𝑥, 𝑍 = 1) = 𝑃(|𝑋 − 𝜃| ≥ 𝑥, 𝑍 = 1) 
The third equality is because 𝑥 ≥ 0 so that {𝑋 − 𝜃 ≥ 𝑥} ∩ {𝑋 − 𝜃 ≤ −𝑥} = ∅ 
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The fourth equality is because we assume that 𝑋 is and symmetrically distributed about 𝜃. 
The fifth and seventh equalities are because 𝑥 ≥ 0. 

𝑃(𝑍 = 0)𝑃(|𝐷| ≥ 𝑥 ) =
1

2
𝑃(|𝑋 − 𝜃| ≥ 𝑥)

1

2
𝑃[{𝑋 − 𝜃 ≥ 𝑥} ∪ {𝑋 − 𝜃 ≤ −𝑥}] 

=
1

2
ൣ൫𝑃(𝑋 − 𝜃 ≥ 𝑥) + 𝑃(𝑋 − 𝜃 ≤ −𝑥)൯൧ = 𝑃(𝑋 − 𝜃 ≤ −𝑥) = 𝑃(𝑋 − 𝜃 ≤ −𝑥, 𝑋 − 𝜃 ≤ 0) 

= 𝑃(𝑋 − 𝜃 ≤ −𝑥, 𝑍 = 0) = 𝑃(|𝑋 − 𝜃| ≥ 𝑥, 𝑍 = 0) 
In summary: 
𝑃(|𝑋 − 𝜃| ≥ 𝑥, 𝑍 = 𝑧) = 𝑃(|𝑋 − 𝜃| ≥ 𝑥)𝑃(𝑍 = 𝑧) 
Thus, we have proved the independence between |𝐷௜| and 𝑍௜ under 𝐻଴  

 𝑍௜ = ൜
1  𝑖𝑓   𝐷௜ > 0
0  𝑖𝑓   𝐷௜ ≤ 0

= ൜
1  𝑖𝑓   𝑋௜ > 𝜃
0  𝑖𝑓   𝑋௜ ≤ 𝜃

 , thus 𝑍௜ is function of only 𝑋௜. 

Since 𝑋ଵ, … , 𝑋ே are mutually independent, 𝑋ଵ, … , 𝑋ே are independent of |𝐷ଵ|, … , |𝐷ே| 
𝑟(|𝐷௜|) = ∑ 𝐼൫|𝐷௜| > ห𝐷௝ห൯ ே

௝ୀଵ = 𝑔(|𝐷ଵ|, … , |𝐷ே|) is function of only |𝐷ଵ|, … , |𝐷ே| 
Therefore 𝑍ଵ, … , 𝑍ே are independent of 𝑟(|𝐷௜|). 

3. The Signed Rank Test Statistic 𝑻ା = ∑ ∑ 𝑻𝒊𝒋𝟏ஸ𝒊ஸ𝒋ஸ𝑵 . 

Theorem 2. 𝐿𝑒𝑡 𝑇ା = ∑ 𝑍௜𝑟(|𝐷௜|)
ே
௜ୀଵ , 𝑎𝑛𝑑 𝑇௜௝ = ൜

1   𝑖𝑓 𝐷௜ + 𝐷௝ > 0

0          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  𝑡ℎ𝑒𝑛 𝑇ା =

∑ ∑ 𝑇௜௝ଵஸ௜ஸ௝ஸே . 
Proof 

𝐷𝑒𝑓𝑖𝑛𝑒 𝐼[𝐴] = ൜
1    𝑖𝑓 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒
0  𝑖𝑓 𝐴 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒

 

𝑇ା = ෍ 𝑍௜𝑟(|𝐷௜|)

ே

௜ୀଵ

= ෍ 𝐼(𝐷௜ > 0) ቌ෍ 𝐼൫|𝐷௜| − ห𝐷௝ห ≥ 0൯ 

ே

௝ୀଵ

ቍ

ே

௜ୀଵ

 

= ෍ 𝐼(𝐷௜ > 0) ቎෍ 𝐼 ቀ൫|𝐷௜| − ห𝐷௝ห൯൫|𝐷௜| + ห𝐷௝ห൯ ≥ 0ቁ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

= ෍ 𝐼(𝐷௜ > 0)

ே

௜ୀଵ

቎෍ 𝐼 ቀ൫𝐷௜
ଶ − 𝐷௝

ଶ൯ ≥ 0ቁ 

ே

௝ୀଵ

቏ 

= ෍ 𝐼(𝐷௜ > 0)

ே

௜ୀଵ

቎෍ 𝐼 ቀ൫𝐷௜ + 𝐷௝൯൫𝐷௜ − 𝐷௝൯ ≥ 0ቁ 

ே

௝ୀଵ

቏ 

= ෍ 𝐼(𝐷௜ > 0)

ே

௜ୀଵ

቎෍ 𝐼 ቀ൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ 𝑜𝑟 ൫𝐷௜ + 𝐷௝ ≤ 0, 𝐷௜ − 𝐷௝ ≤ 0൯ቁ 

ே

௝ୀଵ

቏ 

= ෍ 𝐼(𝐷௜ > 0)

ே

௜ୀଵ

቎෍ ቀ𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ + 𝐼൫𝐷௜ + 𝐷௝ ≤ 0, 𝐷௜ − 𝐷௝ ≤ 0൯ቁ 

ே

௝ୀଵ

቏ 

We used the fact that 𝐼(𝐴 ∪ 𝐵) = 𝐼[𝐴] + 𝐼[𝐵] 𝑖𝑓 𝐴 ∩ 𝐵 = 𝜙 
But, 
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𝐼𝑓 𝐷௜ > 0 𝑡ℎ𝑒𝑛 𝐼൫𝐷௜ + 𝐷௝ ≤ 0, 𝐷௜ − 𝐷௝ ≤ 0൯ = 0.  
𝐼𝑛 𝑓𝑎𝑐𝑡 𝐷௜ + 𝐷௝ ≤ 0, 𝐷௜ − 𝐷௝ ≤ 0 → 2𝐷௜ ≤ 0 → 𝐷௜ ≤ 0 
Then, with probability 1, 

𝑇ା = ෍ ቎෍ 𝐼(𝐷௜ > 0)𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

 

𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0 𝑎𝑙𝑠𝑜 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝐷௜ ≥ 0  
Therefore 𝐼(𝐷௜ > 0)𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ = 𝐼(𝐷௜ ≠ 0)𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ 
and 𝐼(𝐷௜ > 0)𝐼(𝐷௜ + 𝐷௝ ≤ 0, 𝐷௜ − 𝐷௝ ≤ 0) = 0 with probability 1. 
And then 

𝑇ା = ෍ ቎෍(𝐷௜ ≠ 0)𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝐷௜ − 𝐷௝ ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

 

= ෍ ቎෍(𝐷௜ ≠ 0)𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝑋௜ − 𝑋௝ ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

 

Because 𝐷௜ = 𝑋௜ − 𝑀଴ 
But 𝐼(𝐷௜ ≠ 0) = 1 occurs with probability 1 since 𝐹௑ is continuous. Then, with probability 1, 

𝑇ା = ෍ ቎෍ 𝐼൫𝐷௜ + 𝐷௝ ≥ 0, 𝑋௜ − 𝑋௝ ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

= ෍ ቎෍ 𝐼൫𝐷(௜) + 𝐷(௝) ≥ 0, 𝑋(௜) − 𝑋(௝) ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

 

= ෍ ቎෍ 𝐼൫𝐷(௜) + 𝐷(௝) ≥ 0൯𝐼൫𝑋(௜) − 𝑋(௝) ≥ 0൯ 

ே

௝ୀଵ

቏

ே

௜ୀଵ

 

By Fubini’s theorem: 

𝑇ା = ෍ ൥෍ 𝐼൫𝐷(௜) + 𝐷(௝) ≥ 0൯𝐼൫𝑋(௜) − 𝑋(௝) ≥ 0൯ 

ே

௜ୀଵ

൩

ே

௝ୀଵ

 

But 𝑋(௜) − 𝑋(௝) ≥ 0 ↔ 𝑖 ≥ 𝑗 then  

𝑇ା = ෍ ൥෍ 𝐼൫𝐷(௜) + 𝐷(௝) ≥ 0൯𝐼(𝑖 − 𝑗 ≥ 0) 

ே

௜ୀଵ

൩

ே

௝ୀଵ

 

If 𝑖 < 𝑗 then 𝐼(𝑖 − 𝑗 ≥ 0) = 0 and If 𝑖 ≥ 𝑗 then 𝐼(𝑖 − 𝑗 ≥ 0) = 1 
Therefore 

𝑇ା = ෍ ቎෍ 𝐼൫𝐷(௜) + 𝐷(௝) ≥ 0൯ 

ே

௜ୀ௝

቏ = ෍ ቎෍ 𝐼൫𝐷௜ + 𝐷௝ ≥ 0൯ 

ே

௜ୀ௝

቏

ே

௝ୀଵ

ே

௝ୀଵ

= ෍ ෍ 𝑇௜௝

ଵஸ௜ழ௝ஸே

 

with probability 1. 
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4. Applications 

To compute the mean of Wilcoxon signed rank test statistic (𝑇ା), we need to know the 
relation between 𝑇ା and 𝑇௜௝. By definition of 𝑇௜௝ we have, 

𝐸൫𝑇௜௝൯ = 𝑃൫𝐷௜ + 𝐷௝ > 0൯;  𝐸(𝑇௜௜) = 𝑃(𝐷௜ > 0) 
By theorem 2, we have 

𝐸(𝑇ା) = 𝐸 ቌ෍ ෍ 𝑇௜௝

ଵஸ௜ழ௝ஸே

ቍ 

Then, it has been demonstrated by Gibbons et. al [2] that 

𝐸(𝑇ା) = 𝑁𝐸൫𝑇௜௝൯ + 𝑁
(𝑁 − 1)

2
𝐸൫𝑇௜௝൯ = 𝑁 · 𝑃(𝐷௜ > 0) +

𝑁(𝑁 − 1)

2
· 𝑃൫𝐷௜ + 𝐷௝ > 0൯ 

Under null hypothesis   

𝐸(𝑇ା|𝐻଴) = 𝑁 ·
1

2
+

𝑁(𝑁 − 1)

2
·

1

2
=

𝑁(𝑁 + 1)

4
 

To compute the variance of Wilcoxon signed rank test statistic (𝑇ା), we also need to know 
the relation between 𝑇ା and 𝑇௜௝. 
By definition of 𝑇௜௝ we have, 
𝐸൫𝑇௜௝൯ = 𝑃൫𝐷௜ + 𝐷௝ > 0൯;  𝐸(𝑇௜௜) = 𝑃(𝐷௜ > 0); 
𝑉𝑎𝑟(𝑇௜௜) = 𝐸(𝑇௜௜

ଶ) − [𝐸(𝑇௜௜)]ଶ = 𝐸(𝑇௜௜) − [𝐸(𝑇௜௜)]ଶ = 𝑃(𝐷௜ > 0) − [𝑃(𝐷௜ > 0)]ଶ 

𝑉𝑎𝑟൫𝑇௜௝൯ = 𝐸൫𝑇௜௝
ଶ൯ − ൣ𝐸൫𝑇௜௝൯൧

ଶ
= 𝐸൫𝑇௜௝൯ − ൣ𝐸൫𝑇௜௝൯൧

ଶ
= 𝑃൫𝐷௜ + 𝐷௝ > 0൯ − ൣ𝑃൫𝐷௜ + 𝐷௝ > 0൯൧

ଶ
 

𝑐𝑜𝑣൫𝑇௜௜ , 𝑇௜௝൯ = 𝐸൫𝑇௜௜𝑇௜௝൯ − 𝐸(𝑇௜௜)𝐸൫𝑇௜௝൯

= 𝑃൫𝐷௜ > 0, 𝐷௜ + 𝐷௝ > 0൯ − 𝑃(𝐷௜ > 0)𝑃൫𝐷௜ + 𝐷௝ > 0൯ 
𝑐𝑜𝑣൫𝑇௜௝, 𝑇௜௞൯ = 𝐸൫𝑇௜௝𝑇௜௞൯ − 𝐸൫𝑇௜௝൯𝐸(𝑇௜௞) 
= 𝑃൫𝐷௜ + 𝐷௝ > 0, 𝐷௜ + 𝐷௞ > 0൯ − 𝑃൫𝐷௜ + 𝐷௝ > 0൯𝑃(, 𝐷௜ + 𝐷௞ > 0) 
𝑐𝑜𝑣൫𝑇௜௝, 𝑇௛௞൯ = 0 
By theorem 2, we have 

𝑉𝑎𝑟(𝑇ା) = 𝑉𝑎𝑟 ቌ෍ ෍ 𝑇௜௝

ଵஸ௜ழ௝ஸே

ቍ 

Then, it has been demonstrated by Gibbons et. al [2] that 

𝑉𝑎𝑟(𝑇ା) = 𝑉𝑎𝑟 ቌ෍ ෍ 𝑇௜௝

ଵஸ௜ழ௝ஸே

ቍ 

= 𝑁𝑣𝑎𝑟(𝑇௜௜) + ቀ
𝑁
2

ቁ 𝑣𝑎𝑟൫𝑇௜௝൯ + 2𝑁(𝑁 − 1)𝑐𝑜𝑣(𝑇௜௜ , 𝑇௜௞) + 2𝑁 ቀ
𝑁 − 1

2
ቁ 𝑐𝑜𝑣൫𝑇௜௝, 𝑇௜௞൯

+ ቀ
𝑁
4

ቁ 𝑐𝑜𝑣൫𝑇௜௝, 𝑇௛௞൯ 

Under null hypothesis   

𝑉𝑎𝑟(𝑇ା|𝐻଴) = 𝑉𝑎𝑟 ቎ቌ෍ ෍ 𝑇௜௝

ଵஸ௜ழ௝ஸே

ቍቮ 𝐻଴቏ =
𝑁(𝑁 + 1)(2𝑁 + 1)

24
 

From the generalization of central limit theorem, as 𝑁 →  ∞, the distribution of statistics  
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𝑍 =
𝑇ା −

𝑁(𝑁 + 1)
4

ට𝑁(𝑁 + 1)(2𝑁 + 1)
24

 

converges to standard normal distribution under null hypothesis. 
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