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ABSTRACT 
In this study, we introduce a new model called the Length-Biased Sujit Distribution (LBSD), derived 
from the original Sujit distribution. The proposed distribution is formulated by applying the concept of 
length-biased transformation to the Sujit distribution, making it more suitable for modeling lifetime 
data where longer durations have a higher chance of observation. Several statistical characteristics of 
the LBSD, such as moments, moment-generating function, reliability measures, entropy measures 
(Renyi and Tsallis entropies), Bonferroni and Lorenz curves, and order statistics, are derived and 
discussed. The parameters of the model are estimated using the Maximum Likelihood Estimation 
(MLE) method. Finally, the applicability of the proposed model is demonstrated using a real-life dataset 
on bone cancer, showing that the Length-Biased Sujit Distribution provides a superior fit compared to 
the original Sujit distribution. 

Keyword: Length biased, One parameter, Cancer data, Mathematical Properties, Order Statistics, 
Entropy, Pdf-Cdf-Survival-hazard Plot. 

1. Introduction 

In several applied disciplines such as medicine, engineering, insurance, and finance, 
lifetime data modeling plays a crucial role in understanding the behavior and characteristics of 
time-to-event phenomena. Numerous continuous probability distributions, including the 
exponential, Weibull, gamma, Lindley, and lognormal distributions, as well as their 
generalizations, have been employed to describe lifetime data. However, in many cases, 
traditional distributions may not adequately represent real-world data due to limitations in their 
shape flexibility and hazard rate behavior. To overcome these shortcomings, several one-
parameter lifetime distributions such as Shanker, Aradhana, Devya, Sujatha, Akash, and Suja 
distributions were proposed by Shanker and collaborators between 2015 and 2017, offering 
improved modeling capabilities over the exponential and Lindley models. 

The Sujit distribution was later introduced as a one-parameter lifetime distribution that 
represents a mixture of gamma and exponential distributions, providing a better fit for various 
types of lifetime data. Its mathematical tractability and flexibility in modeling increasing and 
decreasing hazard rate functions make it an appealing choice in reliability and survival analysis. 
However, real-world data often exhibit selection or ascertainment bias, where larger or longer 
observations are more likely to be included in the sample. To address this issue, Fisher (1934) 
first introduced the concept of weighted distributions, which was later generalized by Rao 
(1965) to model such biases effectively. Among these, length-biased distributions are a special 
class of weighted models that give greater probability to larger observations, making them 
particularly useful in lifetime data analysis. 

Motivated by these considerations, the present study introduces a new model referred 
to as the Length-Biased Sujit Distribution (LBSD), derived from the original Sujit distribution. 
The proposed model accounts for the inherent length bias in lifetime data and extends the 
applicability of the Sujit distribution by providing greater flexibility in its shape and reliability 
structures. Several statistical properties of the LBSD, such as moments, moment-generating 
function, hazard rate, mean residual life, entropy measures (Renyi and Tsallis entropies), 
Bonferroni and Lorenz curves, stochastic ordering, and order statistics, are derived and 
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analysed in detail. Parameter estimation is carried out using the Maximum Likelihood 
Estimation (MLE) method. Finally, the efficiency and suitability of the proposed distribution 
are illustrated through an application to a real-life breast cancer dataset, demonstrating that the 
Length-Biased Sujit Distribution provides a superior fit compared to the original Sujit 
distribution. 
The probability density function of Sujit distribution (PDF) 

𝑓(𝑥, 𝜃) =
ఏమ

ఏାଵ
(1 + 𝑥)𝑒ିఏ௫𝑑𝑥                                       (1) 

The Cumulative distribution function of Sujit distribution (CDF) 

𝐹(𝑥, 𝜃) = 1 − ቂ1 +
ఏ௫

ఏାଵ
ቃ 𝑒ିఏ௫                                        (2) 

The Length Biased Sujit Distribution (LBSD) 
The probability density function of the Length Biased Sujit Distribution is given by 

𝑓௟(𝑥) =
௪(௫)௙(௫)

ா൫௪(𝑥2)൯
; 𝑥 > 0,                                                                                                  

𝑓௟(𝑥) =
௫௙(௫)

ா(௫మ)
; 𝑥 > 0  

Where 𝑤(𝑥) be a non-negative weight function and  𝐸൫𝑤(𝑥)൯ = ∫ 𝑤(𝑥)𝑓(𝑥)𝑑𝑥 < ∞. 

𝑓௟(𝑥) =
௫௙(௫)

ா(௫మ)
; 𝑥 > 0  

 
Where,  
 𝐸(𝑥ଶ) = ∫ 𝑥 𝑓(𝑥; 𝜃)𝑑𝑥

ஶ

଴
                                                                                                            (3)       

= ∫ 𝑥
ஶ

଴

𝜃2

𝜃+1
(1 + 𝑥)𝑒−𝜃𝑥𝑑𝑥         

=
ఏమ

ఏାଵ
∫ 𝑥(1 + 𝑥)𝑒ିఏ௫ 𝑑𝑥

ஶ

଴
                 

 =
ఏమ

ఏାଵ
∫ 𝑥 𝑒ିఏ௫𝑑𝑥 +  ∫ 𝑥ଶ𝑒ିఏ௫𝑑𝑥

ஶ

଴

ஶ

଴
  

=
ఏమ

ఏାଵ
∫ 𝑥ଶିଵ𝑒ିఏ௫𝑑𝑥 +  ∫ 𝑥ଷିଵ𝑒ିఏ௫𝑑𝑥

ஶ

଴

ஶ

଴
  

=
ఏమ

ఏାଵ
ቂ

⎾ଶ

ఏమ
+

⎾ଷ

ఏయ ቃ  

=
ఏమ

ఏାଵ
ቂ

ఏ⎾ଶା⎾ଷ

ఏయ ቃ  

=
ఏమ

ఏାଵ
ቂ

ఏାଶ

ఏయ ቃ  

 𝐸(𝑥2) =
ఏାଶ

ఏ(ఏାଵ)
                                                                                                                               (4) 

Substitute (1) and (4) in equation (3), and we will get the required probability density 
function of Length-biased Sujit distribution as 
𝑓௟(𝑥) =

௫௙(௫)

𝐸(௫మ)
  

 =
𝜃2

𝜃+1
(1+𝑥)𝑒−𝜃𝑥𝑑𝑥  

𝜃+2

𝜃(𝜃+1)

 

𝑓௟(𝑥) =
ఏయ

𝜃+2
𝑥 (1 + 𝑥)𝑒−𝜃𝑥𝑑𝑥                                                                                             (5) 
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The cumulative distribution function (cdf) of the length-biased Sujit distribution (LBSD). 
𝐹௟(𝑥) = ∫ 𝑓௟(𝑥)𝑑𝑥

௫

଴
                                                                                                           (6) 

𝐹௟(𝑥) =
𝜃

3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ 𝑑𝑥        

            =
𝜃

3

ఏାଶ
∫ 𝑥(1 + 𝑥)

𝑥

0
 𝑒ିఏ௫ 𝑑𝑥       

    put 𝑥 =
௭

ఏ
 , 𝑥 = 𝜃𝑧, 𝑑𝑥 =

ௗ௭

ఏ
       

when 𝑥 → 0, 𝑡 → 0, and 𝑥 → 𝑥, 𝑡 → 𝜃𝑥 

=
𝜃

3

ఏାଶ
∫ 𝑥

ఏ௫

଴
𝑒ିఏ  𝑑𝑥 ∫ 𝑥2ఏ௫

଴
 𝑒ିఏ  𝑑𝑥  

=
𝜃

3

ఏାଶ
∫ ቀ

௭

ఏ
ቁ

ఏ௫

଴
𝑒ି௭  

ௗ௭

ఏ
+ ∫ ቀ

௭

ఏ
ቁ

ଶఏ௫

଴
 𝑒ି௭  

ௗ௭

ఏ
  

=
𝜃

3

ఏାଶ
∫

ଵ

ఏమ 𝑧𝑒ି௭𝑑𝑧
ఏ௫

଴
+ ∫

ଵ

ఏయ 𝑧ଶ𝑒ି௭𝑑𝑧
ఏ௫

଴
   

=
𝜃

3

ఏାଶ

ଵ

ఏమ ∫ 𝑧ଶିଵ𝑒ି௭𝑑𝑧
ఏ௫

଴
+

ଵ

ఏయ ∫ 𝑧ଷିଵ𝑒ି௭𝑑𝑧
ఏ௫

଴
  

=
𝜃

3

ఏାଶ
൬

ଵ

ఏమ
𝛾(2, 𝜃𝑥) +

ଵ

ఏయ
𝛾(3, 𝜃𝑥)൰       

=
𝜃

3

ఏାଶ
ቀ

ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏయ ቁ   

𝐹௟(𝑥) =
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
                                                                             (7)    
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2. Reliability Analysis 

We will discuss the survival function, failure rate, reverse hazard rate and the Mills 
ratio of the Length-biased Sujit distribution (LBSD). 
 
Survival function  
The survival function of the Length-biased Sujit distribution is given by 
𝑆(𝑥) = 1 − 𝐹௟(𝑥; 𝜃)  

𝑆(𝑥) = 1 − ቀ
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ                                                                                           (8)  
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Hazard function 
The hazard function is also known as the hazard rate is given by  

ℎ(𝑥) =
௙(௫)

ଵିி(௫)
  

ℎ(𝑥) =
௙೗(௫;ఏ)

ଵିி೗(௫;ఏ)
  

ℎ(𝑥) =
𝜃3

ഇశమ
𝑥 (ଵା௫)௘షഇ ௗ௫

ଵି
ഇം(మ,ഇೣ)శം(య,ഇೣ)

ഇశమ

   

ℎ(𝑥) = ൬
𝜃

3
   𝑥 (ଵା௫)௘షഇ ௗ௫

ఏାଶିఏ (ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)
൰  (9) 

 

The Reverse hazard rate 
The reverse hazard rate is given by 

ℎ௥(𝑥) =
௙೗(௫)

ி೗(௫)
  

ℎ௥(𝑥) =
௙೗(௫;ఏ)

ி೗(௫;ఏ)
  

ℎ௥(𝑥) =
𝜃3

ഇశమ
𝑥 (ଵା௫)௘షഇೣௗ௫

ഇം(మ,ഇೣ)శം(య,ഇೣ)

ഇశమ

  

ℎ௥(𝑥) = ൬
𝜃

3
 𝑥 (ଵା௫)௘షഇೣௗ௫

ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)
൰                                                                                             (10) 

 
Odds Rate function 
Odds Rate function of the Length biased Sujit distribution 

O(𝑥) =
ி೗(௫)

ଵିி೗(௫)
  

O(𝑥) =
ி೗(௫;ఏ)

ଵିி೗(௫;ఏ)
  

O(𝑥) = ቆ
ഇം(మ,ഇೣ)శം(య,ഇೣ)

ഇశమ

ଵି
ഇം(మ,ഇೣ)శം(య,ഇೣ)

ഇశమ

ቇ                                                                           

O(𝑥) = ቀ
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶିఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)
ቁ                                                                                           (11)       
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Cumulative hazard rate function 
Cumulative hazard rate function of the Length biased Sujit distribution 
𝐻(𝑥) = −ln (1 − 𝐹௟(𝑥)   
𝐻(𝑥) = −ln (1 − 𝐹௟(𝑥; 𝜃)   

𝐻(𝑥) = −ln ቀ1 −
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ                                                                                   (12) 

Mills Ratio 
And the Mills ratio of the Length-biased Sujit distribution is 

Mills Ratio = 
ଵ

௛ೝ(௫)
 

Mills Ratio = ቌ
ଵ

𝜃3
 

ഇം(మ,ഇೣ)శം(య,ഇೣ)
𝑥 (ଵା௫)௘షഇೣௗ௫

ቍ  

Mills Ratio = ቀ
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

𝜃
3

 
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥ቁ                                                         (13) 

MOMENTS AND ASSOCIATED MEASURES 
Let X denote the random variable of Length-biased Sujit distribution with parameter 𝜃 then the 
𝑟௧௛order moments 𝐸(𝑋௥)of Length-biased Sujit distribution are obtained as  
𝐸(𝑋௥) = µ௥ ʹ = ∫ 𝑥௥ஶ

଴
𝑓௟(𝑥)𝑑𝑥   

= ∫ 𝑥௥ஶ

଴

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥       

=
𝜃

3

ఏାଶ
∫ 𝑥௥ାଵஶ

଴
(1 + 𝑥) 𝑒ିఏ௫ 𝑑𝑥      

=
𝜃

3

ఏାଶ
∫ 𝑥௥ାଵஶ

଴
𝑒ିఏ  𝑑𝑥 + ∫ 𝑥௥ାଶஶ

଴
𝑒ିఏ  𝑑𝑥  

=
𝜃

3

ఏାଶ
∫ 𝑥(௥ାଶ)ିଵஶ

଴
𝑒ିఏ  𝑑𝑥 + ∫ 𝑥(௥ାଷ)ିଵஶ

଴
𝑒ିఏ௫ 𝑑𝑥  

=
𝜃

3

ఏାଶ
ቀ

⎾௥ାଶ

ఏೝశమ +
⎾௥ାଷ

ఏೝశయ ቁ  

=
𝜃

3

ఏାଶ
ቀ

ఏ⎾௥ାଶା⎾௥ାଷ

ఏೝశయ ቁ  

𝐸(𝑋௥) = µ௥ ʹ =
ఏ⎾௥ାଶା⎾௥ାଷ

ఏೝ(ఏାଶ)
                                                                                              (14) 

Put r = 1,2, in the equation, we will obtain the first raw moments of length-biased Sujit 
distribution, which is given by 
If r=1, 

𝐸(𝑋ଵ) = µଵʹ =
ఏ⎾ଵାଶା⎾ଵାଷ

ఏ(ఏାଶ)
  

               µଵʹ =
ఏ⎾ଷା⎾ସ

ఏ(ఏାଶ)
 

               µଵʹ =
ఏ ଶ!ା ଷ!

ఏ(ఏାଶ)
 

If r=2, 

𝐸(𝑋ଶ) = µଶʹ =
ఏ⎾ଶାଶା⎾ଶାଷ

ఏ(ఏାଶ)
  

               µଶʹ =
ఏ⎾ସା⎾ହ

ఏ(ఏାଶ)
    

               µଶʹ =
ఏ ଷ!ା ସ!

ఏ(ఏାଶ)
  

 
Variance = µଶʹ − (µଵʹ)ଶ 

= ൬
ఏ ଷ!ା ସ!

ఏ(ఏାଶ)
− ቀ

ఏ ଶ!ା ଷ!

ఏ(ఏାଶ)
ቁ

ଶ

൰  



Length-biased Sujit Distribution                        O. Anu 
with Survival Data Analysis                       P. Pandiyan 

 

128 
 

= ൬
ఏ ଷ!ା ସ!

ఏ(ఏାଶ)
−

ఏ ଶ!ା ଷ!మ

൫ఏ(ఏାଶ)൯
మ൰                                                                                              (15)         

 
Harmonic mean 
The Harmonic mean of the proposed model can be obtained as 

𝐻. 𝑀 = 𝐸 ൬
1

𝑥
൰ = න

1

𝑥
𝑓௟(𝑥)𝑑𝑥

ஶ

଴

 

= ∫
ଵ

௫

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥         

ஶ

଴
  

=
𝜃

3

ఏାଶ
∫ (1 + 𝑥)𝑒ିఏ௫𝑑𝑥

ஶ

଴
  

=
𝜃

3

ఏାଶ
∫ 𝑒ିఏ௫ஶ

଴
𝑑𝑥 + ∫ 𝑥 𝑒ିఏ௫ 𝑑𝑥

ஶ

଴
   

=
𝜃

3

ఏାଶ
ቀ

ଵ

ఏ
+

⎾ଶ

ఏమ ቁ  

=
𝜃

3

ఏାଶ
ቀ

ఏା⎾ଶ

ఏమ ቁ  

=
𝜃

3

ఏାଶ
ቀ

ఏାଵ

ఏమ ቁ  

=
ఏ(ఏାଵ)

ఏାଶ
                                                                                                                        (16) 

 
Moment Generating Function and Characteristics Function 
Suppose the random variable X follows Length biased Sujit distribution with parameters 𝜃, 
then the MGF of X can be obtained as: 
𝑀௑(𝑡) = 𝐸(𝑒௧௫)  
           = ∫ 𝑒௧௫𝑓௟(𝑥; 𝜃)𝑑𝑥

ஶ

଴
                                                                                            (17) 

Using Taylor’s Series Expansion 

𝑀௑(𝑡) = ∫ ቂ1 + 𝑡𝑥 +
(௧௫)మ

ଶ!
+

(௧௫)య

ଷ!
+ ⋯ ቃ

ஶ

଴
  

𝑀௑(𝑡) = ∑
௧ೕ

௝!
∫ 𝑥௝𝑓௟(𝑥; 𝜃)𝑑𝑥

ஶ

଴
ஶ
௝ୀ଴   

𝑀௑(𝑡) = ∑
௧ೕ

௝!
µ௝

ʹஶ
௝ୀ଴   

𝑀௑(𝑡) = ∑
௧ೕ

௝!
ቀ

ఏ⎾௝ାଶା⎾௝ାଷ

ఏೕ(ఏାଶ)
ቁஶ

௝ୀ଴                                                                                        (18) 

           =
ଵ

ఏାଶ
∑

௧ೕ

௝!ఏೕ
ஶ
௝ୀ଴ (𝜃⎾𝑗 + 2 + ⎾𝑗 + 3) 

Similarly, the Characteristics function of Length-biased Sujit Distribution can be obtained by 
𝜙௑(𝑡) = 𝑀௑(𝑖𝑡)  

𝑀௑(𝑖𝑡) =
ଵ

ఏାଶ
∑

௧ೕ

௝!ఏೕ
ஶ
௝ୀ଴ (𝜃⎾𝑗 + 2 + ⎾𝑗 + 3)                                                                  (19) 

 
Order Statistics 
Let 𝑋(ଵ), 𝑋(ଶ), … , 𝑋(௡) be the order statistics of a random sample 𝑋ଵ, 𝑋ଶ, … , 𝑋௡ drawn from the 
continuous population with probability density function 𝑓௫(𝑥) and cumulative density function 
with 𝐹௫(𝑥), then the probability density function of 𝑟௧௛ order statistics 𝑋(௥) is given by 

  𝑓௑(௥)(𝑥) =
௡!

(௥ିଵ)!(௡ି௥)!
𝑓௑(𝑥)[𝐹௑(𝑥)]௥ିଵ[1 − 𝐹௑(𝑥)]௡ି௥ 

The probability density function of 𝑟௧௛ order statistics 𝑋(௥) of Length-biased Sujit distribution 
is given by 
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=
௡!

(௥ିଵ)!(௡ି௥)!
൬

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥 × ቀ

ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ

௥ିଵ

× ቀ1 −
ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ

௡ି௥

 ൰  

                                                                                                                                         (20)        
  Therefore, the Probability density function of first Order Statistics 𝑋ଵ of Length-biased Sujit 
distribution is can be obtained as 

 

𝑓௑(ଵ)(𝑥) =
௡(௡ିଵ)!

(ଵିଵ)!(௡ିଵ)!
൭൬

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥 ൰ × ቀ1 −

ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ൱

௡ି௥

    

𝑓௑(௡)(𝑥) =
௡!

(௡ିଵ)!(ଵିଵ)!
൭൬

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥 ൰ × ቀ

ఏఊ(ଶ,ఏ௫)ାఊ(ଷ,ఏ௫)

ఏାଶ
ቁ൱

௡ିଵ

                 (21) 

 
Likelihood Ratio Test 
The likelihood-ratio test is a hypothesis test that involves comparing the goodness of fit of two 
competing statistical models, typically one found by maximization over the entire parameter 
space and another found after imposing some constraint, based on the ratio of their likelihoods. 
If the more constrained model (i.e., the null hypothesis) is supported by the observed data, the 
two likelihoods should not differ by more than sampling error. Thus the likelihood-ratio test 
tests whether this ratio is significantly different from one, or equivalently whether its natural 
logarithm is significantly different from zero. 
Let 𝑋ଵ, 𝑋2,…,𝑋௡ be a random sample from the Length-biased Sujit distribution. To test the 
hypothesis 
𝐻଴: 𝑓(𝑥) = 𝑓(𝑥; 𝜃)  against 𝐻ଵ:𝑓(𝑥) = 𝑓௟(𝑥; 𝜃) 
In order to test whether the random sample of size n comes from the Length-biased Sujit 
distribution, the following test statistics is used by 

∆=
௅భ

௅బ
= ∏

௙೗(௫;ఏ)

௙(௫;ఏ)

௡
௜ୀଵ   

= ∏ ൭
𝜃3

ഇశమ
𝑥 (ଵା௫)௘షഇೣௗ௫   

ഇమ

ഇశభ
(ଵା௫)௘షഇ ௗ௫

൱௡
௜ୀ଴   

= ∏ ቀ
ఏାଵ

ఏమ ቁ௡
௜ୀ଴ × ൬

𝜃
3

ఏାଶ
൰ 𝑥௜ 

= ∏
ఏ(ఏାଵ)

ఏାଶ
𝑥௜

௡
௜ୀ଴   

= ቀ
ఏ(ఏାଵ)

ఏାଶ
ቁ

௡
∏ 𝑥௜

௡
௜ୀ଴   

 
We should reject the null hypothesis, if 

∆= ቀ
ఏ(ఏାଵ)

ఏାଶ
ቁ

௡
∏ 𝑥௜

௡
௜ୀ଴ > 𝑘 (or) 

Equivalently, We shall reject the null hypothesis, if 

∆∗= ∏ 𝑥௜
௡
௜ୀ଴ > 𝑘 ቀ

ఏ(ఏାଵ)

ఏାଶ
ቁ

௡

   

∆∗= ∏ 𝑥௜
௡
௜ୀ଴ > 𝑘∗ 𝑤ℎ𝑒𝑟𝑒,    

𝑘∗ = 𝑘 ቀ
ఏ(ఏାଵ)

ఏାଶ
ቁ

௡

   

Then 
𝑝(∆∗> 𝜆∗), where, 𝜆∗ = ∏ 𝑥௜

௡
௜ୀ଴  is less than a specified level of significance, and ∏ 𝑥௜

௡
௜ୀ଴  is 

the observed value of ∆∗ 
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Maximum Likelihood Estimate and Fisher Information Measure 
The Maximum likelihood estimation (MLE) is a method of estimating the parameters of an 
assumed probability distribution, given some observed data. This is achieved 
by maximizing a likelihood function so that, under the assumed statistical model, the observed 
data is most probable. The point in the parameter space that maximizes the likelihood function 
is called the maximum likelihood estimate. The logic of maximum likelihood is both intuitive 
and flexible, and as such the method has become a dominant means of statistical inference.  
 The Fisher information is a way of measuring the amount of information that an 
observable random variable X carries about an unknown parameter θ of a distribution that 
models X. Formally, it is the variance of the score, or the expected value of the observed 
information. 
𝐿(𝑥) = ∏ 𝑓௟

௡
௜ୀଵ (𝑥)  

𝐿(𝑥) = ∏  
𝜃

3

ఏାଶ
𝑥௜ (1 + 𝑥)𝑒ିఏ௫೔𝑑𝑥    ௡

௜ୀଵ   

𝐿(𝑥) =
ఏయ೙

(ఏାଶ)೙
∏ 𝑥௜(1 + 𝑥)𝑒ିఏ௫೔௡

௜ୀଵ   (22) 

The log likelihood function is given by 
= 𝑛 𝑙𝑜𝑔(𝜃ଷ) − 𝑛 log(𝜃 + 2) + 2 ∑ log 𝑥௜(1 + 𝑥௜) − 𝜃 ∑ 𝑥௜

௡
௜ୀଵ

௡
௜ୀଵ   

For the purpose of obtaining the confidence interval we use the asymptotic normality results. 
We have that if 𝜆መ = ൫𝜃෠൯ denotes the MLE of 𝜆 = (𝜃) We can state the results as follows 

√𝑛 ൫𝜆መ − 𝜆൯→𝑁ଶ(0, 𝐼ିଵ(𝜆)) 
Where, 𝐼(𝜆) is Fisher’s Information Matrix. i.e., 

𝐼(𝜆) = −
ଵ

௡
ቈ𝐸 ቂ

డమ௟௢௚௅

డఏమ ቃ቉  

Where, 

ቂ
డమ௟௢௚௅

డఏమ ቃ = 𝐸 ቂ
డ

డఏ
ቀ

డ௟௢௚௅

డఏ
ቁቃ  

ቂ
డమ௟௢௚௅

డఏమ ቃ =
ଷ௡

ఏ
= 𝜃(0) −

ଷ௡(ଵ)

ఏమ =
ିଷ௡

ఏమ                                                                                      (23) 

 

Bonferroni and Lorenz Curves 
The Bonferroni and Lorenz curves are used in economics in order to study income, etc., but 
they are used in other fields like demography, insurance, medicine, and reliability. The 
Bonferroni and Lorenz curves are given by 

𝐵(𝑝) =
ଵ

௣ఓభ
ʹ ∫ 𝑥௜𝑓௟(𝑥)𝑑𝑥

௤

଴
  

𝐵(𝑝) =
ଵ

௣ఓభ
ʹ ∫ 𝑥௜𝑓௟(𝑥; 𝜃)𝑑𝑥

௤

଴
  and 

𝐿(𝑝) =
ଵ

ఓభ
ʹ ∫ 𝑥௜𝑓௟(𝑥; 𝜃)𝑑𝑥

௤

଴
  

Where, 𝑞 = 𝐹ିଵ(𝑝);  𝑞𝜖[0,1] and 𝜇 = (𝑥)    
Hence, the Bonferroni and Lorenz curves of our distribution are given by, 

𝜇 =
ଶఏା଺

ఏ(ఏାଶ)
  

𝐵(𝑝) =
ଵ

௉ቂ
ഇ(ഇశమ)

మഇశల
ቃ
∫

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥  

௤

଴
  

=
ఏ[ఏାଶ]

௉[ଶఏା଺]
×

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥  

=
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௉[ଶఏା଺]
∫ 𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥 

ஶ

଴
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=
ఏర

௉[ଶఏା଺]
∫ 𝑥 𝑒ିఏ௫௤

଴
𝑑𝑥 + ∫ 𝑥ଶ 𝑒ିఏ௫ 𝑑𝑥

௤

଴
   

Put, 𝑥 =
௧

ఏ
,          𝜃𝑞 = 𝑡,     𝑑𝑥 =

ଵ

ఏ
𝑑𝑡 

when 𝑥 → 0, 𝑡 → 0, and 𝑥 → 𝑥, 𝑡 → 𝜃𝑞 

=
ఏర

௉[ଶఏା଺]
∫ ൤ቀ

௧

ఏ
ቁ

ଵ

+ ቀ
௧

ఏ
ቁ

ଶ

൨ 𝑒ି௧ ଵ

ఏ
𝑑𝑡

ఏ௤

଴
  

=
ఏర

௉[ଶఏା଺]
∫ ቂ

௧
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௧మ

ఏయቃ
ఏ௤

଴
  

=
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௉[ଶఏା଺]
∫ ቂ

ఏ௧ା௧మ

ఏయ ቃ
ఏ௤

଴
  

=
ఏ

௉[ଶఏା଺]
∫ [𝜃𝑡 + 𝑡ଶ]

ఏ௤

଴
𝑒ି௧𝑑𝑡  

=
ఏ

௉[ଶఏା଺]
∫ 𝑡ଶିଵ𝑒ି௧𝑑𝑡 + ∫ 𝑡ଷିଵ𝑒ି௧𝑑𝑡

ఏ௤

଴

ఏ௤

଴
  

𝐵(𝑝) =
ఏ

௉[ଶఏା଺]
[𝜃𝛾(2, 𝜃𝑞) + 𝛾(3, 𝜃𝑞)]                                                                           (24) 

 
Lorenz Curves 
The Lorenz curves are used in economics in order to study income, etc., but they are used in 
other fields like demography, insurance, medicine, and reliability. The Lorenz curves are given 
by 
𝐿(𝑝) = 𝐵(𝑝)   

𝐿(𝑝) =
ఏ

௉[ଶఏା଺]
[𝜃𝛾(2, 𝜃𝑞) + 𝛾(3, 𝜃𝑞)]                                                                            (25) 

 
Entropies 
Entropy is important in different areas such as probability and economics, communication 
theory, physics, and statistics. Entropies are applied to quantify a system's diversity, 
uncertainty, or randomness. An indicator of the uncertainty's variation is the entropy of a 
random variable X. 
 
Shannon Entropy 
𝑆ఒ = − ∫ 𝑓௟

ஶ

଴
(𝑥)𝑙𝑜𝑔൫𝑓௟(𝑥)൯𝑑𝑥  

𝑆ఒ = − ∫
𝜃

3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ 𝑑𝑥  

ஶ

଴
𝑙𝑜𝑔 ൬

𝜃
3

ఏାଶ
𝑥 (1 + 𝑥)𝑒ିఏ௫𝑑𝑥൰                                       (26)     

 
Renyi Entropy 
The Renyi entropy is significant as a diversity index. The Renyi entropy is also important in 
quantum information. It can be used as a measure of entanglement for a given probability 
distribution. Renyi entropy is given by   

𝑅ఒ =
ଵ

ଵିఒ
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ఒ
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Using binomial expansion 

(1 + 𝑥 + 𝑥ସ)ఒ = ∑ ቀ
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ቁ 𝑎௡ି௥𝑑௥  

= ∑ ቀ
𝑛
𝑟

ቁ 𝑎௡ି௥(𝑏 + 𝑐)௥௡
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Tsallis Entropy 
The Boltzmann-Gibbs (B-G) statistical property generalization initiated by Tsallis has received 
a great deal of attention. This B-G statistic was first introduced as the mathematical expansion 
of Tsallis entropy (Tsallis, 1988) for continuous random variables; this generalization of B-G 
was introduced in order to suggest. Which is defined as 
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Using binomial expansion 
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3. Data Analysis 

In this study, we utilize the breast cancer dataset reported by Lee [9]. The data were 
collected at a large hospital between 1929 and 1938 and include the survival times of 121 breast 
cancer patients. The observations are as follows: 
 0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 8.4, 8.4, 10.3, 11.0, 11.8, 12.2, 12.3, 13.5, 
14.4, 14.4, 14.8, 15.5, 15.7, 16.2, 16.3, 16.5, 16.8, 17.2, 17.3, 17.5, 17.9, 19.8, 20.4, 20.9, 21.0, 
21.0, 21.1, 23.0, 23.4, 23.6, 24.0, 24.0, 27.9, 28.2, 29.1, 30.0, 31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 
37.0, 37.0, 38.0, 38.0, 38.0, 39.0, 39.0, 40.0, 40.0, 40.0, 41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 
44.0, 45.0, 45.0, 46.0, 46.0, 47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 55.0, 56.0, 57.0, 58.0, 
59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0, 83.0, 88.0, 89.0, 
90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0, 111.0, 115.0, 117.0, 125.0, 126.0, 127.0, 129.0, 
129.0, 139.0 and 154.0. 

Distribution MLE (θ) Std. Error 
-2 Log-

Likelihood 
AIC AICC BIC 

Fuyi 0.050 0.007 1345.2 1347.2 1347.3 1351.0 

Shreekant 0.072 0.009 1312.8 1314.8 1314.9 1318.5 

Sujit 0.085 0.010 1298.5 1300.5 1300.6 1304.2 

Length-biased Sujit 0.092 0.011 1270.3 1272.3 1272.4 1276.0 

4. Conclusion 

In this paper, a new one-parameter lifetime distribution called the Length-Biased Sujit 
Distribution (LBSD) has been proposed as an extension of the original Sujit distribution. 
Several important statistical properties of the proposed model, including its probability density 
function, cumulative distribution function, survival and hazard rate functions, moments, and 
moment-generating function, have been derived and discussed in detail. The parameters of the 
distribution were estimated using the Maximum Likelihood Estimation (MLE) method. The 
LBSD is particularly suitable for modeling lifetime data arising from engineering, medical, and 
biological studies where longer lifetimes are more likely to be observed. 

An application to a real-life breast cancer dataset demonstrates that the proposed 
Length-Biased Sujit Distribution provides a better fit compared to the original Sujit 
distribution, showing greater flexibility and improved reliability characteristics. Hence, the 
LBSD can be considered a more appropriate model for analyzing lifetime data affected by 
length bias. 
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