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ABSTRACT

This paper presents the Dynamic Autoregressive Time Series Regression Model (DATSRM) to forecast
time series data characterised by complex seasonal patterns and external influences. Even though
common models like Autoregressive with Exogenous Variables (ARX), Autoregressive Integrated
Moving Average with Exogenous Variables (ARIMAX), Seasonal ARIMAX (SARIMAX), and
Lagged Time Series Regression (LTSR) are widely used in time series analysis, they often struggle to
effectively manage complex seasonal changes and important outside factors. DATSRM was developed
to overcome these limitations by using exogenous variables to account for external factors, like the
environment; autoregressive components to capture linear dependencies; and Fourier components to
characterise seasonal and cyclical patterns. The model's effectiveness was evaluated using Nigerian
datasets that included annual precipitation and air pollution metrics (carbon dioxide and particulate
matter) from 1990 to 2022. The model's parameters were determined using the Ordinary Least Squares
method. The Durbin-Watson statistic, autocorrelation analysis, Akaike information criterion (AIC) and
Bayesian information criterion (BIC), residual diagnostics were used to assess the model's performance.
Coefficient of determination (R?), adjusted coefficient of determination (R?) were used for the model
accuracy. Mean absolute error (MAE), root mean square error (RMSE), mean absolute percentage error
(MAPE) were also used to evaluate the forecast's accuracy. The results obtained indicated that
DATSRM outperformed ARX, ARIMAX and LTSR in terms of R? (0.8318, 0.8884, 0.8965) and R?
(0.7991, 0.8433, 0.8587). DATSRM achieved the lowest AIC (11.1585, 11.3381, 11.2088) and BIC
(11.4306, 11.5101, 11.3309) values, indicating better model fit. The forecast evaluation of DATSRM
has the smallest value when compared with ARX, ARIMAX and LTSR model, this indicates that
DATSRM is a better model compared with existing fitted model. Therefore, DATSRM provides a more
accurate and reliable approach to modelling and forecasting datasets characterized by seasonal and
periodic behaviors influenced by external variables.
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1. Introduction

Time series data, consisting of sequential observations indexed chronologically, are
crucial in disciplines such as finance, climatology, epidemiology, and engineering (Weerakody
et al., 2021; Pandit ef al., 2021). These datasets typically exhibit trends, seasonal variations,
cyclical patterns, and erratic fluctuations (Velicer and Fava 2003; Al-Khasawneh et al., 2024),
necessitating sophisticated analytical models. Autoregressive (AR), moving average (MA),
autoregressive moving average (ARMA), and autoregressive integrated moving average
(ARIMA) are conventional techniques that have proven effective for time series analysis.
However, their efficacy diminishes when the data exhibits dynamic periodicities or external
influences.

More intricate models such as seasonal autoregressive integrated moving average
(SARIMA), autoregressive integrated moving average with exogenous variables (ARIMAX),
and seasonal autoregressive integrated moving average with exogenous variables (SARIMAX)
have expanded upon ARIMA by incorporating seasonal and exogenous components (Alharbi
and Csala 2022; Zhang 2003). However, they continue to operate under the assumption that
seasonality and other factors remain constant. In reality, phenomena such as economic cycles,
illness trends, and meteorological patterns generally do not adhere to these principles, they alter
their cyclical behaviours and are influenced by external factors (Box and Tiao 1975; De Gooijer
and Hyndman 2006).

This study employs a hybrid model that integrates Autoregressive components to
address inherent linear dependencies, Fourier series to characterise dynamic periodic and
seasonal variations, and Exogenous variables to incorporate external influences. The Dynamic
Autoregressive Time Series Regression Model (DATSRM) is superior for predictions when
seasonality is irregular and external influences are present. This work elaborates on the
theoretical development of DATSRM, its practical testing, and its comparative analysis with
existing models. Time series modelling has evolved significantly, progressing from basic linear
trend analyses to intricate stochastic models. Individuals are increasingly focussing on Fourier-
based methodologies due to their ability to encapsulate periodic variations through sinusoidal
elements. Taiwo and Olatayo 2018 showed that Fourier regression is effective with
hydrological and climatological datasets. Taiwo et al. 2019 developed a Fourier autoregressive
model to analyse Nigeria's monthly precipitation data. The model was deemed sufficiently
effective for modelling and predicting periodicity and seasonality in Nigerian rainfall time
series data, as well as in other regions exhibiting analogous periodic fluctuations in rainfall
data.

Awoyemi et al. (2024) introduced a model that combines Fourier regression with trend
time series regression, utilised for Nigerian crude oil prices, macroeconomic indicators, and
precipitation data. This hybrid method accurately simulated and predicted datasets with trend-
cyclical fluctuations. Prahutama ef al. (2018) previously employed Fourier regression utilising
ordinary least squares and generalised cross-validation to analyse inflation in Indonesia's food
sector. Extensions of ARIMA, like ARIMAX and SARIMAX, integrate external regressors,
enhancing forecasts of electricity demand, economic indicators, and environmental variables
(Bennett et al., 2024). Olatayo and Ekerikevwe (2022) formulated a LOG-ARIMAX model to
address heavy-tailed long-memory data, whereas Liu et al. (2023) utilised SARIMA to predict
acute mountain sickness with considerable precision. Additional adaptations encompass Liu
and Zhu (2018) improving ARX models in the context of errors-in-variables, and Kaur and
Rakshit (2019) demonstrating that PAR models surpass SARIMA for rainfall predictions in
Punjab. Applications encompass forecasting sugarcane production (Gopinath & Kavithamani,
2019), analysing exchange rate dynamics (Velicer & Fava, 2003), estimating insurance
reserves (Ulyah et al., 2019), assessing power consumption (Shadkam, 2020), and predicting
rainfall in Australia (Warsono et al., 2019). Although ARIMAX, SARIMAX, and ARX models

75



A Dynamic Autoregressive Time Series Regression Model Oyindamola R. Oyebanjo,
for Precipitation Using Particulate Matter and Carbon 0. Olatayo and
Dioxide Timothy as Exogenous Variables Abass 1. Taiwo
exhibit extensive applicability, they frequently encounter difficulties with dynamic seasonal
cycles and various external shocks.

The literature increasingly concurs that hybrid models integrating Fourier
decomposition and regression analysis demonstrate superior performance. However, few
studies have directly integrated Fourier analysis with autoregression while incorporating
external factors. This discrepancy prompted the proposed model, which integrates multiple
methodologies to enhance forecast accuracy and adaptability.

2. Methodology

The methodology of this study outlines the mathematical formulation and estimation
techniques for the proposed Dynamic Autoregressive Time Series Regression Model
(DATSRM). This model integrates three components: autoregressive (AR) terms for capturing
historical dependencies, Fourier series for modelling seasonal-periodicity, and exogenous
variables for external influences.

m m m
Ve = ¢ + Z OiVe_; + Z(ci sinw;t + d;cos w;t) + Z ixei + & (D
i=1 i=1 i=1

where Y, is the dependent variable, x;_; are the lagged values of the exogenous variable, [ is
the coefficients associated with the exogenous variable, ¢; are the autoregressive parameters,
y;_; are the lagged values of the time series variable, c;and d; is the coefficients of the
sinusoidal terms, w; is the angular frequency corresponding to the ith Fourier terms, t is the
index time, m is the year index, sinw and cosw is the trigonometric functions and &; is the
error term.

The model was applied to Nigerian annual meteorological dataset namely precipitation
and external variable are air pollution dataset namely particulate matter and carbon dioxide
from 1990 to 2022. Both external variable where used individually and used together in the
model. The model parameters are estimated using the Ordinary Least Squares (OLS) technique.
Below are the estimated parameters for order 1:
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To detect the optimal model Akaike information criterion (AIC) and Bayesian

information criterion (BIC) were used;

AIC = =2logl + 2§ 3)
BIC = Slogm — 2logl 4
To assess model adequacy, the coefficient of determination (R?) and adjusted R? are
used;
RZ _ 1 SSE .
- SST )

RR=1-""1 gy (6)
B m-—k
The forecasting measures used in this study are mean absolute error (MAE), root mean

square error (RMSE) and mean absolute percentage error (MAPE);
h+s

1 R
_ _ 2
MAE = +—— ; X — X0 (7)
=s
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MAPE = z _ )
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To check the stability of error in this study, the Durbin-Watson statistic, autocorrelation
and partial autocorrelation functions (ACF and PACF) were used.

ACF = Cov(yt'yt—i) (10)

Jvarysvary,_;

cov (Tt, TTt-_i )
PACF = il (11)

\/var (T::ﬂ) var (T?f:i1)

The model was compared with models like autoregressive integrated moving average
with exogenous variable, autoregressive exogenous variable and lagged time series regression.

3. Results and Discussion

An initial exploration of Nigeria’s annual climatic and air pollution data from 1990 to
2022 reveals non-stationary behaviours characterised by evident cyclical and seasonal
fluctuations in precipitation, particulate matter. Given these dynamics, the application of the
proposed Dynamic Autoregressive Time Series Regression Model (DATSRM), which
accommodates both periodic-seasonality and exogenous influences, is methodologically
justified.
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Figure 1: Time plot of Nigeria annual mean precipitation from 1990 — 2022
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Figure 2: Time plot of Nigeria annual mean particulate matter from 1990 — 2022
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Figure 3: Time plot of Nigeria annual mean carbon dioxide from 1990 — 2022

Figure 1 provides a time plot visualisation of Nigeria's yearly precipitation from 1990
to 2022, indicating a series with non-constant mean and variance. A thorough examination
indicated an annual cyclical-seasonal fluctuation. Figures 2 and 3, which show the annual mean
particulate matter and carbon dioxide in Nigeria from 1990 to 2022, show cyclical-seasonal
fluctuation, indicating that the dataset is non-stationary.

Using precipitation as the dependent variable and particulate matter as the exogenous
regressor, the DATSRM was estimated via OLS.

The DATSR (1) model for the OLS technique is

21 2m
Vv, = 1714.764 — 0.2242y,_1 + 45.4617sinﬁt — 45,9263 cosﬁt —4.1993x,; — 0.2989x,,;_4 (12)

The model explained 83.18% of the variation in precipitation (R? = 0.8318), with an
adjusted R? 0f 0.7991 and no significant autocorrelation (Durbin-Watson = 1.88). Fourier terms
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effectively captured periodicity, while particulate matter exerted a statistically significant

negative effect on precipitation.

Table 1: Autocorrelation and Partial Autocorrelation Plot of the Residual for Dynamic
Autoregressive Time Series Regression Model (Precipitation and Particulate Matter)

Autocorrelation Partial Correlation AC PAC Q-Sta... Prob
s s 1-0.19...-0.19... 1.3085 0.253
| I i 2-0.03...-0.07... 1.3640 0.506
(I I 3-0.07...-0.10... 1.5961 0.660
I I 4 0.003-0.03... 1.5965 0.809
[ i 0 i 5-0.18...-0.21... 3.0155 0.698
I o 6-0.10...-0.22... 3.5057 0.743
[ [ 7 0.012-0.12... 3.5122 0.834
| N i 8-0.04...-0.17... 3.6051 0.891
s I 9 0.223 0.117 6.0072 0.739
| - | I- | 1...-0.18...-0.23... 7.7613 0.652
[ T N i 1... 0.019-0.18... 7.7799 0.733
I | 1... 0.082-0.03... 8.1510 0.773
[ I 1... 0.242 0.208 11.536 0.566
(I I 1...-0.08... 0.096 11.950 0.610
I I 1...-0.08...-0.07... 12.433 0.646
[ T I 1... 0.018-0.04... 12.455 0.712

Table 1 reveals that the ACF and PACEF plots of the residuals have no significant linear

connections between lags.

Table 2: Values of Coefficient of Determination and Adjusted Coefficient of Determination for
Dynamic Autoregressive Time Series Regression Model (Precipitation and Particulate Matter)

Model(s) Coefficient of

Determination (R?)

Adj. Coefficient
of Determination (R?)

LTSR 0.4346141
ARX 0.5011403

ARIMAX 0.5102555
DATSR  0.8317826

0.3887450
0.4754504

0.4895354
0.7991498

Table 2 shows that the R%value for DATSR model is better than the compared
conventional models considered also the value of R?signified that the DATSR model has better
goodness of fit and predictive power for explaining the variations of Nigerian annual mean

climatic change.

Table 3: Forecast Evaluation for Dynamic Autoregressive Time Series Regression Model

(Precipitation and Particulate Matter)

Model(s) MAE

RMSE MAPE

DATSR 43.01461
ARX 51.16711
LTSR 51.33313

ARIMAX 57.97647

53.43740 3.662724
63.09906 4.366669
63.18878 4.382095
72.58668 4.877366
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Table 4: Values of Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) for Dynamic Autoregressive Time Series Regression Model (Precipitation and
Particulate Matter)

Model(s) AIC BIC
DATSR 11.15854 11.43063
LTSR 11.31195 11.44799
ARX 11.36945 11.55084
ARIMAX 11.60198 11.87680

The values of forecast evaluation metrics given in Table 3 indicated that the forecast
evaluation of the DATSRM has lower values. Table 4 shows that DATSR has the lowest AIC
and BIC values of any other model, indicating that it provides a better balance of accuracy and
complexity. This makes the proposed model forecast has better accuracy than all other models
considered.

Using precipitation as the dependent variable and carbon dioxide as the exogenous
variable, the DATSRM was estimated via OLS.
The DATSR (1) model for the OLS technique is

27 21
ye =1357.172 — 0.1743y,_, + 14.0634sinﬁt —33.9899 cosﬁt — 1.9648x,

+2.2621x,4, (13)

The model explained 88.84% of the variation in precipitation (R? = 0.8884), with an
adjusted R? 0f 0.8433 and no significant autocorrelation (Durbin-Watson = 2.30). Fourier terms
effectively captured periodicity, while particulate matter exerted a statistically significant
negative effect on precipitation.

Table 5: Autocorrelation and Partial Autocorrelation Function Plot of the Residual for Dynamic
Autoregressive Time Series Regression Model (Precipitation and Carbon Dioxide)

Autocorrelation Partial Correlation AC PAC Q-Sta... Prob
I s I s I 1-0.16...-0.16... 0.9532 0.329
. [ 2 0.231 0.210 2.9349 0.231
s T 3-0.19...-0.14... 4.4091 0.221
I T s 4-0.09...-0.19... 4.7517 0.314
s s 5-0.31...-0.31... 8.8754 0.114
I s i s 6-0.13...-0.24... 9.6277 0.141
| I 7-0.03...-0.05... 9.6931 0.207
I i 8-0.11...-0.24... 10.252 0.248
I I I 9 0.146-0.12... 11.283 0.257
| i 1...-0.03...-0.24... 11.360 0.330
I I 5 1... 0.207-0.12... 13.613 0.255
T [ 1... 0.067-0.03... 13.863 0.310
= [T 1... 0.181 0.011 15.752 0.263
T I I 1...-0.00...-0.01... 15.755 0.329
[T (T i I 1...-0.00...-0.05... 15.755 0.399
I I 1...-0.06... 0.030 16.002 0.453

The ACF and PACEF plots of the residuals revealed no significant linear connections
between lags.
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Table 6: Values of Coefficient of Determination and Adjusted Coefficient of Determination for
Dynamic Autoregressive Time Series Regression Model (Precipitation and Carbon Dioxide)

Model(s) Coefficient of Adj. Coefficient of
Determination (R?)  Determination (R?)

LTSR 0.3509864 0.3156145
ARX 0.5957951 0.5339503
ARIMAX 0.7554914 0.7277013
DATSR 0.8883687 0.8432518

Table 6 shows that the R?value for the DATSR model is better than all other
conventional models considered also the value of R?signified that the DATSR model has better
goodness of fit and predictive power for explaining the variations of Nigerian annual mean
climatic change.

Table 7: Forecast Evaluation for Dynamic Autoregressive Time Series Regression Model
(Precipitation and Carbon Dioxide)

Model(s) MAE RMSE MAPE

DATSR 47.19681 50.45561 4.355159
ARX 51.19681 58.45561 4.355159
LTSR 53.96801 64.37914 4.61012
ARIMAX 56.23786 72.43760 4.74083

Table 8: Values of Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) for Dynamic Autoregressive Time Series Regression Model (Precipitation and Carbon
Dioxide)

Model(s) AIC BIC

DATSR 11.33805 11.51014
LTSR 11.34927 11.58532
ARX 11.36010 11.54149
ARIMAX 11.66805 11.98868

DATSRM, autoregressive exogenous, lagged time series regression and autoregressive
integrated moving average exogenous (ARIMAX) forecast were compared based on their
forecast evaluation that is MAE, RMSE and MAPE. The values of forecast evaluation metrics
given in Table 7 indicated that the forecast evaluation of the DATSR model has lower values.
Table 8 shows that the dynamic autoregressive time series regression (DATSR) model is the
better choice for modelling precipitation and carbon dioxide due to its lowest AIC and BIC
values.

Using precipitation as the dependent variable and particulate matter, carbon dioxide as
the external influences, the DATSRM was estimated via OLS.

The DATSR (1) model for the OLS technique is

21 2n
ye = 1820.627 — 0.3354y;_, + 45.1231sin§t —51.5899 COSEt — 3.6141x,,
- 0.5624xpt_1 —1.6729x, + 1.7278x,4_4 (14)
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The dynamic autoregressive time series regression analysis equation for OLS showed
that the coefficients noted that for every increase in time, particulate matter and carbon dioxide,
there will be a decrease in precipitation yearly. The model explained 89.65% of the variation
in precipitation (R? = 0.8965), with an adjusted R? of 0.8587 and no significant autocorrelation
(Durbin-Watson = 2.18). Fourier terms effectively captured periodicity, while particulate
matter exerted a statistically significant negative effect on precipitation.

Table 9: Autocorrelation and Partial Autocorrelation Function Plot of the Residual for Dynamic
Autoregressive Time Series Regression Model (Precipitation, Particulate Matter and Carbon
Dioxide)

Autocorrelation Partial Correlation AC PAC Q-Sta... Prob
I = I 1-0.09...-0.09... 0.2979 0.585
I i I I 2 0.085 0. 077 0.5655 0.754
T = N & 3-0.09...-0.08... 0.9267 0.819
I i I i 4-0.07...-0.09... 1.1420 0.888
[ (s 5-0.23...-0.24... 3.4302 0.634
T s N i 6-0.16...-0.22... 4.5255 0.606
T I 7 0.017-0.01... 4.5379 0.716
I = [ 8-0.13...-0.19... 5.4013 0.714
I s I 9 0.200 O. 083 7.3274 0.603
I I N s 1...-0.14...-0.23... 8.4165 0.588
R I o 1... 0.084 -0.12... 8.7912 0.641
[ I i 1... 0.127 0.105 9.6733 0.645
I s I s 1... 0.243 0.223 13.086 0.441
| R 1...-0.03... 0.017 13.162 0.514
I I 1...-0.05...-0.11... 13.375 0.573
I | I i 1...-0.03...-0.08... 13.450 0.640

The autocorrelation function and the partial autocorrelation function of residuals are
given in Table 9 where the residuals do not have usual structure and significant at & = 0.05.

Table 10: Values of Coefficient of Determination and Adjusted Coefficient of Determination
for Dynamic Autoregressive Time Series Regression Model (Precipitation, Particulate Matter
and Carbon Dioxide)

Model(s) Coefficient of Adj. Coefficient of
Determination (R?) Determination (R?)

LTSR 0.425606 0.384159

ARIMAX 0.511960 0.476635

ARX 0.678666 0.598475

DATSR 0.896455 0.858663

Table 10 shows that the szal_ue for DATSR model is better than all other conventional
models considered also the value of R%signified that the DATSR model has better goodness of
fit and predictive power for explaining the variations of Nigerian annual mean climatic change.

Table 11: Forecast Evaluation for Dynamic Autoregressive Time Series Regression Model
(Precipitation, Particulate Matter and Carbon Dioxide)

Model(s) MAE RMSE MAPE
DATSR 42.17981 51.57477 3.58851
LTSR 50.79883 62.85932 4.33985
ARX 59.22260 76.18730 5.05889
ARIMAX 59.52891 73.13675 4.99902
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Table 12: Values of Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) for Dynamic Autoregressive Time Series Regression 2Model (Precipitation, Particulate
Matter and Carbon Dioxide)

Model(s) AIC BIC

DATSR 11.20879 11.33086
LTSR 11.36210 11.54349
ARIMAX 11.70881 12.07524
ARX 11.80730 12.03404

The diagnostic study verified that the DATSR technique was appropriate for forecasting
Nigerian precipitation based on MAE, RMSE, and MAPE. The study revealed that the DATSR
model is more suitable than the other compared models based on the AIC and BIC. Model
diagnostics confirmed its adequacy, with the residuals showing no significant autocorrelation.
When benchmarked against ARIMAX, ARX, and lagged regression models, DATSRM
outperformed all others across all validation metrics, highest R?, and better forecast accuracy
as seen in Tables 1 — 12.

4. Conclusion

A Dynamic Autoregressive Time Series Regression (DATSR) model was developed in
this study to handle recurring periodic seasonal variations with exogenous variable in datasets.
The model went through the following stages: identification, estimation, diagnostics, and
forecasting. The model outperformed the compared conventional models in its analysis
meteorological data from Nigeria.
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