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ABSTRACT  

Regime switching models play important roles in the fields of economics and finance. Hamilton filter 
is applied to diagnosis the regime switching models. It is re-write based on logit models and the 
properties of the new model are surveyed. Time varying case of Hamilton filter is studied and its 
sensitivity analysis is studied. Finally, a concluding remarks section is given. 
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1. Introduction 

The process of fault detection plays critical role in the early diagnosis of faults to 
remove any abnormal progression in a controlled system. This process can detect the possibility 
of occurrences of faults by an online monitoring scheme. It is an important task in the field of 
control engineering. Equivalent monitoring processes in the statistical quality control, 
economics and finance and medicine are the change point analysis, structural breaks detection 
and surveillance. In practice, when a fault occurs in some components of a system, parameters 
of a statistical model of a system may change. There are many different mathematical models 
for studying shift (change) in parameters including change point models, fault detections, 
threshold models and regime switching models. For a fast review on these approaches, see 
Isermann (2006).  

A system which has time varying parameters from a regime to another (i.e., has the 
regime shifting property) can be modeled by a regime switching model. The latent state process 
which governs on this time-variation phenomenon is a short memory Markov process. That is, 
the value of state process depends only on its previous values and independent of former 
historical information of state process. This feature induces a parameter shift property to the 
available statistical model. Hence, the value of parameter in a specific regime is effected by its 
value of previous regime which is fully determined a transition probability matrix of mentioned 
Markov chain of state process. For a review on Markov chain see Norris (1997). In practice, 
there is a close connection between change point and regime switching models. There is a vast 
literature about this issue. For example, Chang et al. (2017), using the threshold models, shows 
a link between change point models and regime switching model. Also, similar to their work, 
by search in the literatures, it is seen that Yao (1984), used a sequence of independent binary 
dummy variable indicating the existence of a change to study the possible future change points 
in a step noisy function setting. As an extension of Yao’s (1984) work, his problem may be re-
studied by assuming the binary variable id a Markov chain process.  

The regime switching models belong to the family of non-linear time series models. 
Nonlinear time series models have influential applications in economics, data analysis and 
control engineering. From the late of 1970s up to now, different types of non-linear time series 
analysis are presented. One of main member of family of non-linear models is the regime 
switching model. It also has vast applications in finance, econometrics, insurance sciences, 
statistics and electrical engineering. For comprehensive review on regime-switching models 
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and their applications in the field of engineering, say, control of queuing system, repair-replace 
models, radar tracking problems, analyzing networked systems, see Isermann (2006). Similar 
to the multiple change points setting, the main idea in the heart of regime switching models is 
that its parameters can change (shift) over time from a specific regime to the next one. 
However, in spite of multiple change point models, this shifting in the parameters occurs 
according to a state Markov process.  

There are two important problems throughout studying of a regime switching problem, 
namely, estimations of transition probability matrix and parameters within different regimes. 
There are many different accurate methods for estimating transition matrix and parameters 
during analyzing a regime switching problem, however, in this field, the filtering theory, based 
on probability approach, plays important role. Hamilton (2005) proposed a filter to estimate 
the transition probabilities of hidden states as well as the unknown parameters of statistical 
model within a regime. In the current paper, first this filter is reviewed and some new results, 
based on odds ratios, are presented. Next, some extensions, applications, simulations and 
discussion are proposed.  

Let 𝑥௞ = 𝜇(𝑠௞) + 𝜎𝑧௞ be a regime switching process where 𝑧௞ 's are independent and 
identically distributed with zero mean and standard deviation 1, i.e., (0,1) random variables, 
0 < 𝜎 < ∞, and 𝑠௞ be a hidden Markov chain with states 𝑠௞ ∈ {0,1} with transition 
probabilities 

𝑝௜௝ = P(s୩ାଵ = j|s୩ = i); i, 𝑗 = 0,1. 
The initial mean of observations is 𝜇(0) = 𝜇଴ and after the first change has occurred, 

the mean of observations is 𝜇(1) = 𝜇ଵ ≠ 𝜇଴. Hamilton (2005) filter proposes a useful setting 
for detecting and predicting future possible regimes, using the conditional probability 𝑝௞, given 
by 

𝑝௞ = 𝑃(𝑠௞ = 1|Ƒ௞ିଵ). 
Here, notation Ƒ௞ିଵ stands for the information set up to time 𝑘 − 1. It is easy to see that  

𝑝௞ =
𝑝ଵଵ𝑝௞ିଵ𝑓ଵ(𝑥௞) + 𝑝଴ଵ(1 − 𝑝௞ିଵ)𝑓଴(𝑥௞)

𝑙௞
, 

at which 𝑙௞ = 𝑝௞ିଵ𝑓ଵ(𝑥௞) + (1 − 𝑝௞ିଵ)𝑓଴(𝑥௞). In terms of odds ratio of   𝜃௞ =
௣ೖ

௤ೖ
; 𝑘 ≥ 1, this 

filter is summarized as 

𝜃௞ =
𝑝ଵଵ𝜃௞ିଵ∆௞ + 𝑝଴ଵ

𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴
, 𝑝௞ =

𝜃௞

1 + 𝜃௞
,  

where ∆௞=
௙భ(௫ೖ)

௙బ(௫ೖ)
 is the likelihood ratio of two densities 𝑓଴, 𝑓ଵ and  

𝑞௞ = 1 − 𝑝௞ =
𝑝ଵ଴𝑝௞ିଵ𝑓ଵ(𝑥௞) + 𝑝଴଴𝑞௞ିଵ𝑓଴(𝑥௞)

𝑙௞
. 

Interested readers may follow Menard (2002), for the application of odds-ratio in the 
log-linear models. Notice that the likelihood function computed at 𝑘-th observation 𝑥௞ is given 
by 

𝑙௞ = 𝑝ଵଵ𝑝௞ିଵ𝑓ଵ(𝑥௞) + 𝑝଴ଵ(1 − 𝑝௞ିଵ)𝑓଴(𝑥௞) + 
𝑝ଵ଴𝑝௞ିଵ𝑓ଵ(𝑥௞) + 𝑝଴଴𝑞௞ିଵ𝑓଴(𝑥௞). 

The density functions 𝑓଴, 𝑓ଵ are distributions densities of 𝑥௞ 's within consecutive 
regimes. Unknown parameters of these densities such as 𝜇଴, 𝜇ଵ and 𝜎 are estimated by 
maximizing the log-likelihood function of unknown parameters based on observations 𝑥௞; 𝑘 =
1,2, … , 𝑛, given by ∑ log (𝑙௞)௡

௞ୀଵ .  
The rest of paper is organized as follows.  In the next section, some new results 

including Hamilton's filter approximation, sensitivity analysis and its parameter estimation are 
discussed. Also, the case is considered that the probabilities of transition matrix depend on the 
duration that the state process remains at it. Finally, at the end of this section, a state space 
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format of regime switching model is developed and model is extended to the case of state space 
models and features of Hamilton's filter are studied, in this case. This part may also be 
considered as state process estimation, in the presence of regime switching patterns, as 
extension of Yao's (1984) work. Throughout the section 3, the change point analysis is 
reviewed as the regime switching model and the Hamilton's filter is applied in this case. Finally, 
conclusions are given in section 4.  

2. Regime identification  

In this section, Hamilton's filter approximation, its parameter estimation, diagnosing 
the regime limits and sensitivity analysis are studied. To the best knowledge of authors, these 
results are not presented, before.  
(a) Filter approximation 

Hereafter, filter approximation is proposed about this filter. To this end, consider the 

odds ratio 𝜃௞ =
௣భభఏೖషభ∆ೖା௣బభ

௣భబఏೖషభ∆ೖା௣బబ
. Notice that as ∆௞→ ∞, then 𝜃௞ →

௣భభ

௣భబ
 and 𝑝௞ → 𝑝ଵଵ. If ∆௞→ 0, 

then 𝜃௞ →
௣బభ

௣బబ
 and 𝑝௞ → 𝑝଴ଵ. Hereafter some other representations for 𝜃௞ is given. It is easy to 

see that, based on odds ratios 𝛽 =
௣భభ

௣భబ
, 𝛼 =

௣బభ

௣బబ
, then  

𝜃௞ =
𝛽𝜃௞ିଵ𝛥௞ + 𝛼𝜗

𝜃௞ିଵ𝛥௞ + 𝜗
 

where 𝜗 =
௣బబ

௣భబ
. One can see that, as the transition matrix P is close to “near the identity”,  

following Yin and Krishnamurthy (2005), then, 𝜃௞ ≈ 𝜃௞ିଵ𝛥௞ + 1. Let 𝛾௞ =
ఏೖ

ఈ
, be the scaled 

filter. Then,  

𝛾௞ =
𝛽𝛥௞𝛾௞ିଵ + 𝜗

 𝛼𝛥௞𝛾௞ିଵ + 𝜗
 

If 𝛥௞ → 0, then and if 𝛥௞ → ∞, then 𝛾௞ →
ఉ

ఈ
. If 𝛼 = 𝛽, i.e., (determinant of P is zero), 

then, detecting the change point is too difficult.  
Above, it was shown that as 𝛥௞ → 0 or 𝛥௞ → ∞, then 𝜃௞ is close to 𝛼 or 𝛽, respectively. It is 
interesting to study the rates of convergence. To this end, using the Taylor expansion, it is seen 

that as 𝛥௞ → 0, then, 𝜃௞ = 𝛼 +
(ఉିఈ)ఏೖషభ௱ೖ

ణ
, and as 𝛥௞ → ∞, then, 𝜃௞ = 𝛽 +

(ఈିఉ)ణ

ఏೖషభ௱ೖ
. 

The all parameters are kept in both of formula to show that how the rate of convergence 
and converging scheme depends to these parameters.  
As follows, an interesting approximation of 𝜁௞ = log (𝜃௞) and its application, in diagnosing 
regime limits, is presented. The 𝜁௞ is the logit of 𝑝௞ (Focardi et al., 2002).  Before going ahead, 
first, the following lemma is given. 

Lemma 1. Let 𝑓(𝑥) = log (𝑎𝑥 + 𝑏), where 𝑎, 𝑏, 𝑥 are positive numbers. Then,  

𝑓(𝑥) ≈ log(𝑎 + 𝑏) +
𝑎

𝑎 + 𝑏
log(𝑥). 

Proof. Notice that 𝑓(𝑥) = 𝑔(𝑦) = log(𝑎𝑒௬ + 𝑏) , 𝑦 = log (𝑥). Notice that 𝑔(𝑦 = 0) =

log (𝑎 + 𝑏) and 𝑔ᇱ(𝑦 = 0) =
௔

௔ା௕
. Using the Taylor expansion about 𝑦 = 0, see McMullen 

(2018), it is seen that  

𝑓(𝑥) = 𝑔(𝑦) ≈ log(𝑎 + 𝑏) +
𝑎

𝑎 + 𝑏
𝑦. 

Using the above lemma, it is seen that 
𝜁௞ = log(𝑝ଵଵ𝜃௞ିଵ∆௞ + 𝑝଴ଵ) − log(𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴) ≈ 

log(𝑝ଵଵ∆௞ + 𝑝଴ଵ) +
𝑝ଵଵ∆௞

𝑝ଵଵ∆௞ + 𝑝଴ଵ
𝜁௞ିଵ − 
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log(𝑝ଵ଴∆௞ + 𝑝଴଴) −
𝑝ଵ଴∆௞

𝑝ଵ଴∆௞ + 𝑝଴଴
𝜁௞ିଵ. 

Thus, 𝜁௞ = 𝐴௞𝜁௞ିଵ + 𝐵௞, where 

⎩
⎨

⎧𝐴௞ =
𝑝ଵଵ∆௞

𝑝ଵଵ∆௞ + 𝑝଴ଵ
−

𝑝ଵ଴∆௞

𝑝ଵ଴∆௞ + 𝑝଴଴
,

𝐵௞ = log ൬
𝑝ଵଵ∆௞ + 𝑝଴ଵ

𝑝ଵ଴∆௞ + 𝑝଴଴
൰ .

 

Notice that as ∆௞ goes to zero (∞), then 𝐴௞ tends to zero (0) and 𝐵௞ tends to log (𝛼) 
(log (𝛽)). Here, log (𝛼) and  log (𝛽) may be interpreted as the logit of 𝑝଴ଵ and 𝑝ଵଵ, 
respectively. Throughout a specific regime, ∆௞ is large (converges to infinity) or small 
(converges to zero), thus, 𝜁௞ is close to the log (𝛼) or log (𝛽). However, when a specific regime 
shifts to another regime, then small (large)  ∆௞ changes to the large (small) ones. Thus, as soon 
as regime shifts, then, 𝜁௞ jumps from log (𝛼) (log (𝛽)) to the log (𝛽) (log (𝛼)). This method 
may be applied to diagnosis the regime limits.  

Here, following Yin and Krishnamurthy (2005), a differential equation is derived for 
𝜃௞. One can see that  

𝜃௞ − 𝜃௞ିଵ = ቆ𝛽 − 1 −
(𝛼 − 𝛽)

𝜗
𝛥௞ቇ 𝜃௞ିଵ + 𝛼 − 𝛽. 

That is, 𝜃௞ is a discrete realization of continuous process 𝜃௧, 𝑡 > 0, derived by 
differential equation  

𝑑𝜃௧

𝑑𝑡
= ቆ𝛽 − 1 −

(𝛼 − 𝛽)

𝜗
𝛥௧ቇ 𝜃௧ + 𝛼 − 𝛽. 

If 𝛼 = 𝛽, then 
ௗఏ೟

ௗ௧
= (𝛽 − 1)𝜃௧ . 

The above differential equation depends on stochastic process 𝛥௞. Here, its sampling 
properties are studied. Its moments are proposed as follows:  

𝑚଴ = 𝐸௙బ
(𝛥௞) = න 𝑓଴(𝑥)

𝑓ଵ(𝑥)

𝑓଴(𝑥)

ஶ

ିஶ

𝑑𝑥 = 1 

𝑚ଵ = 𝐸௙భ
(𝛥௞) = න 𝑓ଵ(𝑥)

𝑓ଵ(𝑥)

𝑓଴(𝑥)

ஶ

ିஶ

𝑑𝑥 = න (
𝑓ଵ(𝑥)

𝑓଴(𝑥)
)ଶ

ஶ

ିஶ

𝑓଴(𝑥)𝑑𝑥 = 𝐸௙బ
(𝛥௞

ଶ ). 

𝐸௙భ
(𝛥௞ − 1) = 𝐸௙బ

(𝛥௞
ଶ ) − 𝐸௙బ

ଶ (𝛥௞) = 𝜎଴
ଶ = 𝑣𝑎𝑟௙బ

(𝛥௞) ≥ 0, 

Thus, 𝑚ଵ ≥ 1. Also, 𝜎ଵ
ଶ = 𝑣𝑎𝑟௙భ

(𝛥௞) = 𝐸௙భ
(𝛥௞

ଶ ) − 𝐸௙భ

ଶ (𝛥௞) and  

𝐸௙భ
(𝛥௞

ଶ ) = න (
𝑓ଵ(𝑥)

𝑓଴(𝑥)
)ଶ

ஶ

ିஶ

𝑓ଵ(𝑥)𝑑𝑥 = න (
𝑓ଵ(𝑥)

𝑓଴(𝑥)
)ଷ𝑓଴(𝑥)𝑑𝑥 = 𝐸௙బ

(𝛥௞
ଷ )

ஶ

ିஶ

 

Let 𝜀௞
௝

=
௱ೖି௠ೕ

ఙೕ
, 𝑗 = 0,1 and 𝑘 ≥ 1. For large R, it is seen that, as soon as all 

standardized observations 𝜀௞
௝ belong to a specific regime, i.e., (𝑗 is fixed for all index of 

observations), then 𝑅ି଴.ହ ∑ 𝜀௞
௝[ோ௨]

௞ୀଵ      converges to the some stochastic differential equation, see 
Hamilton (2005). 
(b) Sensitivity analysis 

Hereafter, the sensitivity analysis of 𝜃௞ with respect to the parameters 𝜃௞ିଵ, ∆௞, 𝑝଴଴ 
and 𝑝ଵଵ are studied. To this end, by some algebraic manipulations, it is seen that 
 

Table 1: Various derivatives of 𝜃௞ 
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𝑑𝜃௞

𝑑𝜃௞ିଵ
=

det(𝑃) ∆௞

(𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴)ଶ
, 

 
𝑑𝜃௞

𝑑∆௞
=

det(𝑃) 𝜃௞ିଵ

(𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴)ଶ
, 

 
𝑑𝜃௞

𝑑𝑝ଵଵ
=

𝜃௞ିଵ∆௞(1 + 𝜃௞ିଵ∆௞)

(𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴)ଶ
> 0, 

 
𝑑𝜃௞

𝑑𝑝଴଴
=

−(1 + 𝜃௞ିଵ∆௞)

(𝑝ଵ଴𝜃௞ିଵ∆௞ + 𝑝଴଴)ଶ
< 0. 

 
Here, the determinant of matrix 𝑃 is given by 

det(𝑃) = 𝑝ଵଵ𝑝଴଴ − 𝑝ଵ଴𝑝଴ଵ = 
𝑝ଵଵ𝑝଴଴ − (1 − 𝑝ଵଵ)(1 − 𝑝଴଴) = 

𝑝ଵଵ + 𝑝଴଴ − 1 = 𝑡𝑟(𝑃) − 1, 
is the determinant of transition matrix 𝑃 = (𝑝௜௝)௜,௝ୀ଴,ଵ and 𝑡𝑟(𝑃) is the trace of P. The sign of 
ௗఏೖ

ௗ௣భభ
 and 

ௗఏೖ

ௗ௣బబ
 are positive and negative, respectively. It means that, as soon as 𝑝ଵଵ, and 𝑝଴଴ gets 

large, then 𝜃௞ gets large and small, respectively. However, the sign of 
ௗఏೖ

ௗఏೖషభ
 and 

ௗఏೖ

ௗ∆ೖ
 depends 

to the sign of det(𝑃) = 𝑝ଵଵ + 𝑝଴଴ − 1. If 𝑝ଵଵ + 𝑝଴଴ > 1, then as ∆௞ (𝜃௞ିଵ) gets large, then, 
ௗఏೖ

ௗఏೖషభ
 (

ௗఏೖ

ௗ∆ೖ
) gets large. If 𝑝ଵଵ + 𝑝଴଴ < 1, converse results happens. If 𝑝ଵଵ + 𝑝଴଴ = 1, then 𝜃௞ 

does not change if 𝜃௞ିଵ or ∆௞ varies. Also, as ∆௞ (𝜃௞ିଵ) → ∞ or 0 then 
ௗఏೖ

ௗఏೖషభ
 (

ௗఏೖ

ௗ∆ೖ
) converges 

to zero. Finally, notice that as ∆௞ or 𝜃௞ିଵ converges to zero, then both of 
ௗఏೖ

ௗ௣భభ
 and 

ௗఏೖ

ௗ௣బబ
 

converges to zero. Then, as ∆௞ or 𝜃௞ିଵ converges to ∞, then 
ௗఏೖ

ௗ௣భభ
 and 

ௗఏೖ

ௗ௣బబ
 tends to the 

ଵ

௣భబ
మ  and 

−
ଵ

௣బబ
మ , respectively. The following proposition summarizes the above discussion.  

 

Proposition 1. Let 𝑝௞ = 𝑃(𝑠௞ = 1|Ƒ௞ିଵ). Consider the odds ratio 𝜃௞ =
௣ೖ

ଵି௣ೖ
  and 𝜁௞ =

log(𝑝௞). Then, (1)-(2) are correct. 

1) 𝜃௞ =
௣భభఏೖషభ∆ೖା௣బభ

௣భబఏೖషభ∆ೖା௣బబ
, 𝑝௞ =

ఏೖ

ଵାఏೖ
 and 𝜁௞ = 𝐴௞𝜁௞ିଵ + 𝐵௞, where 𝐴௞ =

௣భభ∆ೖ

௣భభ∆ೖା௣బభ
−

௣భబ∆ೖ

௣భబ∆ೖା௣బబ
 

and 𝐵௞ = log ቀ
௣భభ∆ೖା௣బభ

௣భబ∆ೖା௣బబ
ቁ. Within a regime, 𝜁௞ is close to the log (𝛼) or log (𝛽). While regime 

shifts, it jumps from log (𝛼) to log (𝛽), or conversely. 

2) If 𝑝ଵଵ + 𝑝଴଴ > 1 (<1, =1), 
ௗఏೖ

ௗఏೖషభ
 (

ௗఏೖ

ௗ∆ೖ
) gets large (small, remains unchanged) as ∆௞ (𝜃௞ିଵ) 

gets large. As 𝑝଴଴ (𝑝ଵଵ) gets large, then 𝜃௞ gets small (large).  
(c) Parameter estimations 

As follows, the estimation of unknown parameters are discussed. First, suppose that 
𝑓଴, 𝑓ଵ are known functions. Thus, ∆௞ is known. It is understood that 𝜃௞ is constant over a 
specified regime. That is, 𝜃௞ ≈ 𝜃௞ିଵ. Then, by substituting this equation in the relation between 
𝜃௞ , 𝜃௞ିଵ, it is seen that 

ℎ(𝜃௞) = 𝑝ଵ଴∆௞𝜃௞
ଶ + 𝑝଴଴𝜃௞ − 𝑝ଵଵ∆௞𝜃௞ − 𝑝଴ଵ ≈ 0. 

Then, the derivative of ℎ(𝜃௞) with respect to the 𝜃௞ is zero. Thus, 
ℎᇱ(𝜃௞) = 2𝑝ଵ଴∆௞𝜃௞ + 𝑝଴଴ − 𝑝ଵଵ∆௞= 0. 

In this case, then, 
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∆௞=
௣బబ

ିଶ௣భబఏೖା௣భభ
. 

Therefore, 
log(∆௞) = log(𝑝଴଴) − log (−2𝑝ଵ଴𝜃௞ + 𝑝ଵଵ). 
Notice that function 𝑔(𝑥) = log (𝑎 − 2𝑏𝑥) is well approximated by 

𝑔(𝑥) ≈ log(𝑎) −
ଶ௕

௔
𝑥, 

 using the Taylor expansion. Thus,  

log(∆௞) ≈ log(𝑝଴଴) − log(𝑝ଵ଴) +
2𝑝ଵ଴

𝑝ଵଵ
𝜃௞ . 

That is, within a specific regime, the logarithm of ∆௞ is constant. Indeed, the sign of 
log(∆௞) is different from the current regime to the next one. In this way, the limits of different 
regimes are obtained. Then, the elements of transition matrix 𝑃 are easily estimated, 
empirically. For example, for calculating 𝑝ଵ଴ and 𝑝଴ଵ, it is enough to count the numbers of 
shifts from regime 0 to 1 and 1 to 0 over the number of observations 𝑛. Also, the empirical 
estimate of  𝑝௞ is the number of state 1 of underlying regime switched process among 
observations 𝑥ଵ to 𝑥௞ throughout 𝑛 observations divided by 𝑘. As soon as, regimes and 𝑝௞ are 
derived, then using the likelihood function ∑ log (𝑙௞)௡

௞ୀଵ , all unknown parameters of 𝑓଴, 𝑓ଵ are 
estimated.  

For unknown ∆௞ 's, suppose that 𝑓଴, 𝑓ଵ are indexed by parameters 𝜇଴ and 𝜇ଵ. The 
parameter 𝜇଴ is known and 𝜇ଵ = 𝜇଴ + 𝛿. Supposing 𝑓଴, 𝑓ଵ belong to the class of normal 
distributions, then,  

log(∆௞) =
−1

2𝜎ଶ
{(𝑥௞ − 𝜇ଵ)ଶ − (𝑥௞ − 𝜇଴)ଶ} = 

−1

2𝜎ଶ
{(𝑥௞ − 𝜇଴ − 𝛿)ଶ − (𝑥௞ − 𝜇଴)ଶ} = 

2𝛿(𝑥௞ − 𝜇଴) − 𝛿ଶ

2𝜎ଶ
. 

As 𝜎 is small, and 𝑥௞ belongs to the regime with 𝐸(𝑥௞) = 𝜇଴, then, (𝑥௞ − 𝜇଴) is 
negligible and log(∆௞) is negative. Also, notice that 

𝐸(log(∆௞)) =
−𝛿ଶ

2𝜎ଶ
< 0. 

However, if 𝐸(𝑥௞) = 𝜇ଵ, then 

𝐸(log(∆௞)) =
𝛿ଶ

2𝜎ଶ
> 0, 

or (𝑥௞ − 𝜇଴) is large and log(∆௞) is positive. If 𝜇଴ is unknown, it may be replaced by the 
average of third or fourth observations. To estimate 𝛿, it is enough to plot the sequential mean 
or rolling mean of observations. As soon as a jump is appeared, the difference of means of 
consecutive regimes estimates 𝛿. For non-normal cases, notice that, as 𝛿 → 0, then, log (∆௞) 
is well approximated by 

𝛿
𝜕

𝜕𝜇଴
log ቀ𝑓ఓబ

(𝑥௞)ቁ +
𝛿ଶ

2

𝜕ଶ

𝜕𝜇଴
ଶ log ቀ𝑓ఓబ

(𝑥௞)ቁ. 

Hence, to diagnosis the jumps (regimes), it is enough to visualize the sign of above 
function, using estimated parameters 𝜇଴ and 𝛿.  
Remark 1. One can see that, up to now, proposed results can be extended straightforwardly, to 
the general case that 𝑥௞ 's  are independent and they are distributed according to the density 
function 𝑓ఝೖ

, where 𝜑௞ = 𝜇଴ or 𝜇ଵ, depending 𝑥௞ belongs to which regime. Yet, these results 
may be extended to the case of linear models, such as regression models similar to the case of 
Yin and Krishnamurthy (2005).   
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Remark 2. In practice, to avoid large variability of log(∆௞), in practice, it is replaced 
by its rolling mean defined by mowing average 

∑ log൫∆௝൯௞ା௟
௝ୀ௞ାଵ

𝑙
, 

for some length of rolling window 𝑙. This rolling mean is positive or negative for all 
observations during a specific regime. As soon as, a regime shifts, the sign of this rolling mean 
is changed. In our problem, since the change has happened in the mean of observations, rolling 
means of observations can help to detect the different regimes. 
Remark 3. In practice, following Durland and McCurdy (1994) the probabilities of transition 
matrix may be time varying and they depend on the duration state process remains in a specific 
regime. In this case, the important concept is the length of a regime which state process lives 
on it which is  

𝑎𝑣௜ =
ଵ

ଵି௣೔೔
, 𝑖 = 0,1. 

Also, notice that, it is assumed that 

𝑙𝑜𝑔𝑖𝑡(𝑝௜௜) = log ቀ
௣೔೔

ଵି௣೔೔
ቁ = 𝑎௜𝑑௜ + 𝑏௜, 𝑖 = 0,1. 

Here, 𝑑௜ is the length of 𝑖-th regime. Focardi et al. (2019) used the same argument for modeling 
local trends of long-lived stock return series. Usually, the maximum likelihood method is 
applied to estimate parameters 𝑎௜, 𝑏௜, 𝑖 = 0,1. 
The following practical instruction summarizes the above discussion.  
Practical instruction:  
To detect regimes the below steps are followed: 

(1)  Based on observations xଵ, … , x୩, compute the likelihood ratio ∆୩ (or use its 
approximation, using estimated parameters). Detect different regimes from the sign shifting of 
∆୩.  

(2) Compute the elements of transition matrix P, and probability of p୩. Use the 
likelihood function to estimate the unknown parameters.  

(3) Using new observations x୩ା୧, i ≥ 1, compute the future odds ratios θ୩ା୧, i ≥ 1 and 

detect future possible regimes using probabilities p୩ା୧ =
஘ౡశ౟

ଵା஘ౡశ౟
.  

(4) State space model. Because of control engineering problems type, the Hamilton's 
filter is extended to the state space models in the presence of regime switched state process. To 
review these types of models, interested readers are referred to Zeng and Wu (2010). This 
section may be considered as the extension of Yao's (1984) work. The mean function μ(s୩), in 
the previous section, is given by 

μ(s୩) = μ଴s୩ + μଵ(1 − s୩). 
This formulation, although, allows different regimes, however, there are only two 

values for the state process, i.e., 0,1. Hence, there are only two possible values for mean 
functions throughout regimes which are 𝜇଴ and 𝜇ଵ. However, in practice, the mean function 
may take more than two values during regime shifts. One way, to solve this difficulty is to 
consider a state process with more than two states values (number of realizations of state 
process). In this setting, the dimension of state process can be high, and, then, working with it 
is too hard. Notice that, 

𝜇(𝑠௞) = 𝜇଴ + 𝑠௞𝛿, 𝑘 ≥ 1, 
where 𝛿 = 𝜇ଵ − 𝜇଴ is the magnitude of change. To overcome the abovementioned 

problem (state process being high dimensional), it is enough to assume that, at time 𝑘, the 
magnitude of change depends on 𝑘, that is, 𝛿 = 𝛿௞ and 𝜇଴ is replaced with 𝜇௞ିଵ, the value of 
mean function at 𝑘 − 1. More accurately, let 

𝜇(𝑠௞) = 𝜇௞ and 𝜇௞ = 𝜇௞ିଵ + 𝑠௞𝛿௞. 
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In this way, throughout a specific regime no change occur and 𝑠௞ = 0 and 𝜇௞ = 𝜇௞ିଵ. 
As soon as a regime switch occurs, then, 𝑠௞ = 1, and a new value 𝜇௞ for mean function is 
made. However, because of variation of 𝛿௞, it can take more than a fixed new value 𝜇ଵ which 
does not correspond with practice, in applied engineering problems. In this way, the dimension 
of state process is two, yet. As stated in remark 2, in these cases, the time varying transition 
probabilities are needed. Next, using the above descriptions and remarks, the problem is 
proposed, more rigorously, as follows. The observation process obeys the formulation 

x୩ = μ୩ + σz୩, 
where σ and z୩ are defined as section 1. Here, 

𝜇௞ = 𝜇௞ିଵ + 𝑠௞𝛿௞, 
where 𝛿௞ is the magnitude of change process and 𝑠௞ is 0 − 1 Markov process at which 𝑠௞ = 1 
shows the existence of regime-shift. The transition probability matrix is 𝑃.  

Remark 4. Yao (1984) applied a same formulation to model a noisy step function, 
however, there, the binary indicator variable which shows the existence of a change is not 
Markov process, like our problem. Here, the occurrence of shift may have effect on another, a 
stylized fact which happens, in practice, frequently. Another difference between the current 
work and Yao's work id, that Yao assumes that the magnitude of change is random and uses 
the Bayesian setting, which is a complex and time-consuming computational approach and 
needs true and accurate non-sampling prior information, which in the current work, these 
requirements are not needed.   

Remark 5. Modeling the magnitude of change, instead of working with the new value 
for mean function, for example 𝜇ଵ, has many advantages. For example, it permits to study the 
local regime shifts (when the magnitude of change is small) and densities functions 
approximations, as it is stated before remark 1 which is too useful when the new values are 
unknown. It may be formulated as function sample size of observations. In this section, it is 
assumed, that, the magnitude of change depends the time and a new formulation is born.  
The following proposition extends the result of proposition 1, in the current case.  
Proposition 2. By changing 𝜇଴ with 𝜇௞ିଵ and 𝜇ଵ with 𝜇௞ିଵ + 𝛿௞, in the proposition 1, results 
of proposition 1 and abovementioned practical instruction are kept by replacing ∆௞ with  

∆௞
∗ =

𝑓ఓೖషభାఋೖ
(𝑥௞)

𝑓ఓೖషభ
(𝑥௞)

. 

Proof. Apply the arguments of proposition 1, straightforwardly. 
Remark 6. An important parameter in the above proposition is the magnitude of change 

𝛿௞. There are many different formulations for modeling 𝛿௞. For example, Yao (1989) 
considered a Bayesian setting and considered the magnitude of change as a realization of 
independent normal random variables. The local change point model assumes that the 
magnitude of change converges to zero. The gradual change model assumes that the magnitude 
of change is a linear function of time and the sharp change supposes that the magnitude of 
change is a deterministic unknown parameter which is estimated throughout the inferential 
process. As soon as, the type of change point model is declared, then the practical instruction 
of part (c) is applicable, here.   
Following Yin and Krishnamorthy (2017), a differential equation is derived for 𝑒௞ = 𝜇̂௞ − 𝜇௞. 
Consider the following equations 

൝

𝑥௞ = 𝜇௞ + 𝜎𝑧௞

𝜇௞ = 𝜇௞ିଵ + 𝑠௞𝛿௞

𝜇̂௞ = 𝜇̂௞ିଵ + 𝜆௞(𝑥௞ − 𝜇̂௞ିଵ)
 

Combining the above equations together, it is seen that  
𝑒௞ − 𝑒௞ିଵ = −𝜆௞𝑒௞ିଵ − (1 − 𝜆௞)𝑠௞𝛿௞ + 𝜎𝑧௞. 

One can see that the above equation is  
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𝑑𝑒௧ = −(𝜆௧𝑒௧ + (1 − 𝜆௧)𝑠௧𝛿௧)𝑑𝑡 +  𝜎𝑑𝑤௧ 

3. Change point as regime switching 

Chang et al. (2017) showed that, if there is a latent factor generated by a first order 
autoregressive AR(1) state process which plays the role of threshold variable, then, the change 
point analysis of parameters of a linear time series model is a type of regime switching model. 
In applied cases, there is no general method to find the mentioned (latent/even observed) state 
process, however, in some special cases, this goal is achievable. Some of special cases are 
given as follows 

a) Change test statistic. Chen and Gupta (2005), page 20, showed that the test statistic 
for detecting a change in the mean of observations, in a sequential manner, is an AR(1) process. 
Thus, this process may be considered as threshold variable.  Indeed, to find the AR state process 
playing the role of threshold variable, adaptive estimates of parameter of interest (to study its 
change point analysis) produces the factor AR(1) state process.  

b) Rolling estimates. The other way to find the threshold variable is using the rolling 
estimates. The rolling estimates of interesting parameters, often, are used to diagnosis the 
stability of statistical parameter (model) over the time, see Zivot and Wang (2005), page 313.  
These types of estimates are derived by computing, for example, the maximum likelihood 
estimations of unknown parameters throughout a rolling window with a given size over the 
windowed sample of original sample. According to the Brockwell and Davis (2005), page 11, 
the rolling estimate constitutes a moving average process. Also, there is connectivity between 
moving average and autoregressive process. Thus, in this way, the autoregressive state process 
is defined and then the abovementioned state process and subsequent threshold process may be 
defined. 

c) Adaptive estimates. Usually, techniques such as stochastic approximation and 
exponential moving average (EWMA) are useful to obtain the adaptive estimates, 
consequently, the adaptive filtering scheme, of interested parameters. Here, results of Yin and 
Krishnamurthy (2005) are reviewed, in our case.  

Here, motivated by Chang et al. (2017), the at most one change point (AMOC) model 
is analyzed using the regime switching approach. To this end, suppose that {𝑥௜}௜ୀଵ

௡  are 

independent random variables such that {𝑥௜}௜ୀଵ
௞బ  have common density function 𝑓ఓబ

 (𝑘଴ ≤ 𝑛) 
and the remaining observations {𝑥௜}௜ୀ௞బାଵ

௡  come from another distribution with density 𝑓ఓభ
 

where 𝜇ଵ ≠ 𝜇଴. Here, the aim is to estimate the change point 𝑘଴ and parameters before and 
after the change 𝜇ଵ, 𝜇଴ and some scale parameters such as 𝜎 > 0. To coordinate the current 
problem with the model of proposed in section 2, it is assumed that both 𝑓ఓೕ

, 𝑗 = 0,1 have a 

location-scale family of distribution formats; i.e.,  

𝑓ఓೕ
(𝑥) =

1

𝜎
𝜙 ቀ

𝑥 − 𝜇௝

𝜎
ቁ , 𝑗 = 1,2, 

for some location parameters 𝜇௝ , 𝑗 = 1,2, and scale parameters 𝜎. Assume that Φ is the 
distribution function of density 𝜙. Although, theoretical results proposed here are devoted for 
location-scale family of distributions, however, all results are extendable for a general class of 
distributions, straightforwardly.  

Usually, the adaptive estimates of location parameters are given by running a stochastic 
approximation method as  

𝜇̂௞ = (1 − 𝜆௞)𝜇̂௞ିଵ + 𝜆௞𝑥௞, 𝑘 ≥ 1, 
for some forgetting factor 𝜆௞ ∈ (0,1). For example, when the location parameter plays the role 

of population mean of  observations, then 𝜆௞ = 𝑘ିଵ and 𝜇̂௞ =
∑ ௫೔

ೖ
೔సభ

௞
, 𝑘 = 1,2, … , 𝑛. Again, let 

Ƒ௞ be the information set of {𝑥ଵ, … , 𝑥௞}. Also, similar notations of section 1, assume that 𝑠௞ =
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1 denotes a change has occurred at time k and 𝑠௞ = 0 stands no change has happened at 𝑘-th 
time point. Here, it is assumed that 𝜇̂௞ plays the role of latent autoregressive process of Change 
et al. (2017), although, it is observed. Indeed, it is assumed that 𝑠௞ = 0 if 𝜇̂௞ = 𝜇̂௞ିଵ. Notice 
that 

𝜇̂௞ = 𝜇̂௞ିଵ + 𝜆௞(𝑥௞ − 𝜇̂௞ିଵ).  
Thus, 𝜇̂௞ = 𝜇̂௞ିଵ, if and only if 𝜆௞|𝑥௞ − 𝜇̂௞ିଵ| < 𝜀, for some pre-determined threshold 

𝜀 > 0, where 𝜀 is a positive small number.  
Notice that 𝑝௞ = 𝑃(𝑠௞ = 1|Ƒ௞ିଵ) is proportional to 𝑝ଵଵ𝑝௞ିଵ𝑓ଵ(𝑥௞) + 𝑝଴ଵ(1 − 𝑝௞ିଵ)𝑓଴(𝑥௞). 
Also, notice that 

𝑝௞ = 𝑃(𝑠௞ = 1|Ƒ௞ିଵ) = 𝑃(𝑠௞ = 1|𝜇̂௞ିଵ) = 
𝑃௦ೖୀଵ(𝜆௞|𝑥௞ − 𝜇̂௞ିଵ|< 𝜀|𝜇̂௞ିଵ) = 

𝑃௦ೖୀଵ ൬𝑥௞ ≤ 𝜇̂௞ିଵ +
𝜀

𝜆௞
൰ − 𝑃௦ೖୀଵ ൬𝑥௞ ≤ 𝜇̂௞ିଵ −

𝜀

𝜆௞
൰ = 

𝛷 ൬
𝜇̂௞ିଵ − 𝜇ଵ

𝜎
+

𝜀

𝜎𝜆௞
൰ − 𝛷 ൬

𝜇̂௞ିଵ − 𝜇ଵ

𝜎
−

𝜀

𝜎𝜆௞
൰. 

As soon as, 
ఌ

ఙఒೖ
→ 0, thn, using the Taylor expansion, it is seen that  

𝑝௞ ≈
2𝜀

𝜎𝜆௞
𝜙 ൬

𝜇̂௞ିଵ − 𝜇ଵ

𝜎
൰. 

Computing the odds ration of, 𝜃௞ =
௣ೖ

௤ೖ
, given by  

𝜃௞ =
2𝜀𝜎ିଵ𝜆௞

ିଵ𝜙 ൬
𝜇̂௞ିଵ − 𝜇ଵ

𝜎 ൰

1 − 2𝜀𝜎ିଵ𝜆௞
ିଵ𝜙 ൬

𝜇̂௞ିଵ − 𝜇ଵ

𝜎 ൰
. 

Again, the practical instruction of section 2, is applicable, here.  

4. Concluding remarks.  

Hamilton filter is applied to diagnosis the regime switching models. It is re-write based 
on logit models and the properties of the new model are surveyed. Time varying case of 
Hamilton filter is studied and its sensitivity analysis is studied. Finally, a concluding remarks 
section is given. 
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