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ABSTRACT  
Ranked set sampling (RSS) has proven to be an efficient alternative to simple random sampling, particularly 
in situations where exact measurements are costly or difficult to obtain. Although extensive work has been 
devoted to parametric estimation under RSS for univariate models, relatively limited attention has been 
given to bivariate models, despite their importance in modeling dependence between random variables. In 
this paper, the likelihood function under ranked set sampling for the Marshal-Olkin bivariate class of 
distributions is derived in general and applies it on the bivariate generalized Burr distribution. Maximum 
likelihood estimation is considered for the model's unknown parameters. Bayesian estimation is also 
considered in both simple random sampling and ranked set sampling; moreover, the Bayes estimators are 
obtained explicitly with respect to the square error loss function in both cases. 

Keywords: Bivariate Ranked Set Samples; Marshall-Olkin Bivariate distributions; Generalized Burr 
distribution, Maximum likelihood Estimation; Bayesian Estimation. 

1. Introduction 

 McIntyre (1952) was the first one to suggest the method for the estimation of pasture and 
forage yields. He proposed a method of sampling to estimate mean pasture yields with greater 
efficiency than simple random sampling (SRS). This method of sampling has come to be known 
as ranked set sampling (RSS) because it involves a preliminary ranking of randomly selected units 
from the population, after which only a certain few of these sampled units are quantified. 
McIntyre’s goal was to maintain the unbiasedness of unbiased for the estimator with increased 
efficiency. The basic idea is that the collection of sampled units is randomly partitioned into small 
groups. A group size (called the set size) of two, three, or four units is typical. The members of 
each given group are then ranked relative to one another, and based on the ranking, exactly one 
member of each group is chosen for quantification. Even if there are ranking errors, the method is 
shown to be at least as efficient as SRS with the same number of quantifications. 

The general distribution theory for concomitants of order statistics has been discussed by 
Yang (1977). The asymptotic theory of concomitants of order statistics has been investigated by 
David and Galambos (1974) under the assumption that (𝑋, 𝑌) has a bivariate normal distribution. 
Qinying (2007) has introduced an expression for the joint pdf of   (𝑋(௝), 𝑌[௝]) as follows 

𝑓(௑(ೕ),௒[ೕ])(𝑥, 𝑦) =
𝑛!

(𝑗 − 1)! (𝑛 − 𝑗)!
𝑓(𝑥, 𝑦)[𝐹௑(𝑥)]௝ିଵ[1 − 𝐹௑(𝑥)]௡ି௝. 
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Then, the marginal density function of 𝑌[௝] is given by 

𝑓௒[ೕ]
(𝑦) =

𝑛!

(𝑗 − 1)! (𝑛 − 𝑗)!
න 𝑓(𝑥, 𝑦)[𝐹௑(𝑥)]௝ିଵ[1 − 𝐹௑(𝑥)]௡ି௝𝑑𝑥

ஶ

ିஶ

. 

 
The procedure of RSS using a concomitant variable described by Stokes (1977) is as 

follows. Choose n independent bivariate samples, each of size n, and observe the value of the 
auxiliary variable X on each of these units. For the first sample, select that unit for which the 
measurement on the auxiliary variable X is the smallest and measure the Y variable associated with 
it. In the second sample, choose Y associated with the second smallest X. This procedure is repeated 
until Y associated with the largest X in the last sample is measured. The resulting set of n units is 
called a ranked set sample. Let (𝑋(௜)௜ , 𝑌[௜]௜) 𝑖 = 1. . 𝑛 be the pair selected from the 𝑖௧௛ sample where 
𝑋(௜)௝  is the 𝑖௧௛ order statistic of X in the 𝑖௧௛ sample  and 𝑌[௜]௜ be its concomitant of  𝑌.  Stokes 
(1977) proposes RSS mean as an estimator for the mean of the study variate Y, when an auxiliary 
variable X is used for ranking the sample units, under the assumption that (X, Y) follows a bivariate 
normal distribution. 

Dubey (1968) introduced the generalized Burr distribution by compounding the Weibull 
distribution with the gamma distribution.  She derived the compound Weibull distribution by 
assuming a conditional random variable X follows the Weibull distribution, and its scale parameter 
follows a gamma distribution. The resulting unconditional pdf is called the compound Weibull 
(CW) distribution. Because the Burr distribution, which was defined by Burr (1942)  is resulted as 
a special case of the CW distribution, she renamed the CW distribution the generalized Burr (GB) 
distribution. 
A random variable with the generalized Burr (GB) distribution has a pdf, a cdf, a survival function, 
and a hazard function for 𝑥 > 0, in the following form. 

𝑓 ஻ (𝑥; 𝛼, 𝛿, 𝜗) =  
ఈ ణ

ఋ
 𝑥ఈିଵ (1 +

௫ഀ

ఋ
)ିణିଵ,  𝐹 ஻ (𝑥; 𝛼, 𝛿, 𝜗) = 1 − (1 +

௫ഀ

ఋ
)ିణ, 

 

𝑆ீ஻ (𝑥; 𝛼, 𝜗, δ) = (1 +
௫ഀ

ఋ
)ି஬        and       ℎீ஻ (𝑥; 𝛼, 𝜗, δ) =

ఈ ణ

ஔ
  𝑥ఈିଵ(1 +

௫ഀ

ஔ
) ିଵ. 

 
Respectively, where the quantities 𝛿 > 0 is a scale parameter and  𝛼 > 0  and  𝜗 > 0 are 

shape parameters, respectively. From now on, it will be denoted by 𝐺𝐵(𝛼, 𝛿, 𝜗). Figure 1 displays 
different graphs for the pdf, hazard function, cdf and survival function of the GB distribution for 
different parameters values.  

 
The interrelations between particular cases of the GB distribution and other distributions 

will be considered clearly as follows: 
For 𝜹 = 𝟏, the GB distribution reduces to the Burr Type XII (Signh-Maddala) distribution. 
For 𝜶 = 𝟏, the GB distribution reduces to the Lomax distribution. 
For 𝝑 = 𝟏, the GB distribution reduces to the Weibull – exponential distribution. 
For 𝜹 = 𝟏 and 𝜶 = 𝟏 , the GB distribution reduces to the Pareto Type II distribution. 

For   𝒁 =
𝟏

𝑿
  and 𝝀 =

𝟏

𝜹
 , the GB distribution reduces to the inverted generalized Burr 

(Dagum) distribution. 
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For  𝒁 =
𝟏

𝑿
  and 𝜹 = 𝟏 the GB distribution reduces to the inverted Burr Type XII 

distribution. 

 

  

Figure1: Graphs for the pdf, hazard function, cdf and survival function of GB Distribution  

 
The rest of the paper is organized as follows: In Section 2,Marshal–Olkin bivariate BGB 

distribution is introduced, and the data description is also provided in Section 2.  MLE based on 
SRS and RSS for the BGB model are provided in Section 3.   Bayesian estimation for the model 
parameters is proposed based on RSS and SRS in Section 4. Finally conclusion of the paper is 
given in Section 5. 
 

2. Model Assumption and Data Description  

2.1. Bivariate Generalized Burr Model 

Muhammed (2019) defined the Bivariate generalized Burr distribution as a member of 
Marshal Olkin's class of bivariate distributions as follows: 

Suppose 𝑈ଵ, 𝑈ଶ and  𝑈ଷare three independent random variables, and  𝑈௜~ GB (𝜗௜ , 𝛼, 𝛿) for 
𝑖 = 1,2,3, where GB (𝜗௜ , 𝛼, 𝛿) denotes a GB distribution.  
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Define 𝑋 = min(𝑈ଵ, 𝑈ଷ)  and 𝑌 = min(𝑈ଶ, 𝑈ଷ) then it is said that the bivariate vector (𝑋, 
𝑌) has a bivariate GB distribution with parameters (𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿) denoted by 
𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿). 

It should be noted that the random variables 𝑈ଵ, 𝑈ଶ  and 𝑈ଷ have common parameters. This 
ensures that the marginal distributions of 𝑋  and 𝑌 are 𝐺𝐵(𝜗ଵ + 𝜗ଷ, 𝛼, 𝛿) and 𝐺𝐵(𝜗ଶ + 𝜗ଷ, 𝛼, 𝛿) 
respectively, furthermore, the distribution of  min(𝑋, 𝑌)  is    𝐺𝐵(𝜗ଵ + 𝜗ଶ + 𝜗ଷ, 𝛼, 𝛿). In addition, 
when 𝜗ଷ = 0, the two random variables 𝑋  and 𝑌 will be independent, hence 𝜗ଷ can be considered 
as a correlation control parameter.  

 
The joint survival function of (𝑋, 𝑌)  following the BGB distribution is given as follows  
 

                          𝑆஻ீ஻(𝑥, 𝑦) = 𝑆ீ஻(𝑥; 𝜗ଵ, 𝛼, 𝛿)𝑆ீ஻(𝑦; 𝜗ଶ, 𝛼, 𝛿)𝑆ீ஻(𝑧; 𝜗ଷ, 𝛼, 𝛿) .       

where 𝑧 = max (𝑥, 𝑦) and 𝑆ீ஻(𝑥; 𝜗, 𝛼, 𝛿) = 1 − 𝐹 ஻(𝑥; 𝜗, 𝛼, 𝛿) = (1 +
௫ഀ

ఋ
)ିణ. 

Then, 𝑆஻ீ஻(𝑥, 𝑦) can be stretched in the following form 

 

𝑆஻ீ஻(𝑥, 𝑦) = ቐ

𝑆ீ஻(𝑥; 𝛼, 𝛿, 𝜗ଵ)𝑆ீ஻(𝑦; 𝛼, 𝛿, 𝜗ଶଷ), 𝑥 < 𝑦 

𝑆ீ஻ (𝑥; 𝛼, 𝛿, 𝜗ଵଷ)𝑆ீ஻(𝑦; 𝛼, 𝛿, 𝜗ଶ),          𝑥 > 𝑦

𝑆ீ஻(𝑥 ; 𝛼, 𝛿, 𝜗ଵଶଷ),                                      𝑥 = 𝑦

 

 

And    𝜗ଵଷ = 𝜗ଵ + 𝜗ଷ,  𝜗ଶଷ = 𝜗ଶ + 𝜗ଷ  and 𝜗ଵଶଷ = 𝜗ଵ + 𝜗ଶ + 𝜗ଷ. 
        

The joint pdf of  (𝑋, 𝑌)~𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿) is given as follows 

 

𝑓஻ீ஻(𝑥, 𝑦) =

⎩
⎨

⎧
𝑓 ஻ (𝑥; 𝛼, 𝛿, 𝜗ଵ) 𝑓 ஻(𝑦; 𝛼, 𝛿, 𝜗ଶଷ)                       𝑥 < 𝑦 

𝑓 ஻(𝑥; 𝛼, 𝛿, 𝜗ଵଷ) 𝑓 ஻(𝑦; 𝛼, 𝛿, 𝜗ଶ),                        𝑥 > 𝑦

 
𝜗ଷ

𝜗ଵଶଷ
  𝑓 ஻(𝑥  ; 𝛼, 𝛿, 𝜗ଵଶଷ),                                  𝑥 = 𝑦.

 

 
Figure 2 displays Surface plots of the absolutely continuous part of the joint PDF of the 

BGB distribution at different values for the model parameters 
 
The joint CDF of the BGB distribution is given as  
 

𝐹஻ீ஻(𝑥, y) = ቐ 

𝐹 ஻(x; 𝜗ଵଷ) − 𝐹 ஻(y; 𝜗ଵ)[1 − 𝐹 ஻(y; 𝜗ଶଷ)],                             𝑥 < y 

𝐹 ஻(y; 𝜗ଶଷ) − 𝐹 ஻(y; 𝜗ଶ)[1 − 𝐹 ஻(x; 𝜗ଵଷ)],                             x > y  

   [1 − 𝐹 ஻(𝑥 ; 𝜗ଵଶଷ)],                                                                       x = y 
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The joint hazard function of the BGB distribution is given as  

ℎ஻ீ஻(𝑥, y) =

⎩
⎪
⎨

⎪
⎧

 

(
𝛼 

δ
)ଶ(𝜗ଶଷ)𝜗ଵ  xఈିଵyఈିଵ(1 +

xఈ

δ
) ିଵ(1 +

yఈ

δ
) ିଵ,                             x < y 

(
𝛼 

δ
)ଶ(𝜗ଵଷ)𝜗ଶ  xఈିଵyఈିଵ(1 +

xఈ

δ
) ିଵ(1 +

yఈ

δ
) ିଵ,                            x > y  

𝛼 

δ
 𝜗ଷ  𝑥ఈିଵ(1 +

𝑥ఈ

δ
) ିଵ,                                                                              x = y  .

 

 
Figure 3 displays a surface plots for the joint hazard function for the BGB distributions 

with different values of 𝛼, 𝛿, 𝜗ଵ, 𝜗ଶ, 𝜗ଷ. 
 
 
 

(𝛼, 𝛿, 𝜗ଵ, 𝜗ଶ, 𝜗ଷ) = (4,0.2,0.3,0.4,0.5) (𝛼, 𝛿, 𝜗ଵ, 𝜗ଶ, 𝜗ଷ) = (10,20,0.25,15,2) 

  
Figure 3: The joint Hazard function of the BGB distribution 
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𝛼 = 5, 𝛿 = 20, 𝜗ଶ = 15, 𝜗ଷ = 2, 𝑎𝑛𝑑 𝜗ଵ=0.25,2,5 

   
𝛼 = 5, 𝛿 = 20, 𝜗ଵ = 1, 𝜗ଷ = 2, 𝑎𝑛𝑑 𝜗ଶ=5,10,15 

 
 

 

Figure 2: 3D plots for the joint pdf of BGB distribution 

2.2. Data Description and Likelihood Function  

Ranked Set Sampling (RSS) technique, introduced by McIntyre (1952), is a useful 
procedure when quantification of all sampling units is costly, but a small set of units can be easily 
ranked, according to the characteristics under investigation, without actual quantification. The 
procedure for obtaining the RSS can be summarized as follows: 

 
Step 1: Randomly select m2 units from the target population. 
Step 2: Allocate the m2 selected units as randomly as possible into m sets, each of size m. 
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Step 3: Without yet knowing any values for the variable of interest, rank the units within   
 each set with respect to the variable of interest. This may be based on personal   
 professional judgment or done with a concomitant variable correlated with the   
 variable of interest. 

Step 4: Choose a sample for actual quantification by including the smallest ranked unit in  
 the first set, the second smallest ranked unit in the second set, the process continues  
 in this way, until the largest ranked unit is selected from the last set. 

Step 5: Repeat steps 1 through 4 for  r cycles to obtain a sample of size 𝑚𝑟. 
 

Where  𝑋(௜௜)௝ is the 𝑖௧௛order statistic from the 𝑖௧௛set of the 𝑗௧௛ cycle, RSS uses only one 
observation, namely, 𝑋(ଵଵ)௝ the lowest observation in the 𝑗௧௛ cycle, from this set, then  𝑋(ଶଶ)௝ the 
second lowest from another independent set of 𝑚 observations, and finally 𝑋(௠௠)௝ the largest 
observation from the last set of 𝑚 observations. This process can be described in Figure 4 
 

 
 

𝑥(ଵ ଵ)௝ 𝑥(ଵ ଶ)௝ ⋯ 𝑥(ଵ (௠ିଵ))௝ 𝑥(ଵ ௠)௝ 𝑥(ଵ ଵ)௝ 

𝑥(ଶ ଵ)௝ 𝑥(ଶ ଶ)௝ ⋯ 𝑥(ଶ (௠ିଵ))௝ 𝑥(ଶ ௠)௝ 𝑥(ଶ ଶ)௝ 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝑥(௠ ଵ)௝ 𝑥(௠ ଶ)௝ ⋯ 𝑥(௠ (௠ିଵ))௝ 𝑥(௠ ௠)௝ 𝑥(௠ ௠)௝ 

Figure 4: Display of mଶ observations in the j୲୦ set cycle sets of size m 

 

Then the CDF and the PDF of 𝑋(௜௜)௝ is given by 

𝐹௠൫𝑥(௜௜)௝; 𝜃൯ = ∑ ቀ
𝑚
𝑡

ቁ௠
௧ୀ௜ ൣ𝐹൫𝑥(௜௜)௝; 𝜃൯൧

௧
× ൣ1 − 𝐹൫𝑥(௜௜)௝; 𝜃൯൧

௠ି௧
, 

and 

          𝑓௠(𝑥(௜௜)௝; 𝜃) =
௠!

(௜ିଵ)!(௠ି௜)!
𝑓൫𝑥(௜௜)௝; 𝜃൯[𝐹൫𝑥(௜௜)௝; 𝜃൯]௜ିଵ. ൣ1 − 𝐹൫𝑥(௜௜)௝; 𝜃൯൧

௠ି௜
  

respectively where,−∞ < 𝑥(௜௜)௝ < ∞  𝑥(௜௜)௝, 𝐹(𝑥; 𝜃) and 𝑓(𝑥; 𝜃) are respectively the CDF and 
PDF of a random sample selected in step 1, and for simplification 𝑥(௜)௝ is replaced by 𝑥(௜௜)௝ .  The 
joint PDF of 𝑋(௜௜)௝, 𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑟 is then given by 

𝐿(𝜃; 𝑋) ∝ ∏ ∏ 𝑓௠൫𝑥(௜௜)௝; 𝜃൯௠
௜ୀଵ

௥
௝ୀଵ , 
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𝐿(𝜃; 𝑥) ∝ ෑ ෑ 𝑓൫𝑥(௜)௝; 𝜃൯[𝐹൫𝑥(௜)௝; 𝜃൯]௜ିଵ

௠

௜ୀଵ

௥

௝ୀଵ

∙ ൣ1 − 𝐹൫𝑥(௜)௝; 𝜃൯൧
௠ି௜

. 
 

The Ranked Set sampling (RSS) procedure can be applied to a bivariate population as 
follows. 

Consider the symbols m and r such that m: is the set size and r: is the number of cycles. 
Step1: Select 𝑚ଶ pairs from the population for the 𝑗௧௛ cycle 
Step2: Divide the pairs into the m sets at random. 
Step3: Select the 𝑖௧௛ order statistics and its concomitant from 𝑖௧௛ set, where 𝑖 = 1,2, … , 𝑚. 
Step4: Repeat steps 1-3 r cycle, 𝑗 = 1,2, … , 𝑟. 

 
Based on the RSS scheme, we have the following observations  

For one cycle 𝑟 = 1:  ൣ(𝑥(ଵ)ଵ, 𝑦[ଵ]ଵ), (𝑥(ଶ)ଵ, 𝑦[ଶ]ଵ൯, … , (𝑥(௠)ଵ, 𝑦[௠]ଵ)] 
For 𝑟 cycle 𝑟 > 1: [(𝑥(௜)௝, 𝑦[௜]௝), 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑟]. 

Where 𝑋(௜)௝  is the 𝑖௧௛ order statistic of X in the  𝑗௧௛ cycle and 𝑌[௜]௝ be its concomitant of  𝑌.   
 
The corresponding joint pdf of  (𝑋(௜)௝, 𝑌[௜]௝) can be written as  
 

                     𝑓௜:௠(𝑥(௜)௝, 𝑦[௜]௝) =
௠!

(௜ିଵ)!(௠ି௜)!
 [𝐹(𝑥(௜)௝)]௜ିଵ[1 − 𝐹(𝑥(௜)௝)]௠ି௜ 𝑓(𝑥(௜)௝, 𝑦[௜]௝) 

 
Thus, the likelihood function is given as  
                     𝐿(Θ) = ∏ ∏ 𝑓௜:௠(𝑥(௜)௝, 𝑦[௜]௝)௠

௜ୀଵ
௥
௝ୀଵ , 

 
                     𝐿(Θ) ∝ ∏ ∏ [𝐹((𝑥(௜)௝)]௜ିଵ[1 − 𝐹((𝑥(௜)௝)]௠ି௜ 𝑓(𝑥(௜)௝, 𝑦[௜]௝).௠

௜ୀଵ
௥
௝ୀଵ   

 
Now, we introduce the likelihood function in the case of the Marshall-Olkin class of 

bivariate distributions for the first time by taking into consideration the three scenarios of the 
experiment variables as follows: 

 
𝐿(Θ) ∝ ∏ ∏ [𝑓ଵ(𝑥(௜)௝, 𝑦[௜]௝)]ఋభ೔ [𝑓ଶ(𝑥(௜)௝, 𝑦[௜]௝)]ఋమ೔  [𝑓ଷ(𝑥(௜)௝)]ఋయ೔௠

௜ୀଵ
௥
௝ୀଵ   

           . [𝐹((𝑥(௜)௝)]௜ିଵ[𝐹ത(𝑥(௜)௝)]௠ି௜ 
 
Where 𝛿ଵ௜ , 𝛿ଶ௜  𝑎𝑛𝑑 𝛿ଷ௜  are event indicators for the  𝑗௧௛ cycle such that  

𝛿ଵ௜  = ൜
1,                  𝑥(௜)௝ < 𝑦[௜]௝

0,                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
,  𝛿ଶ௜  = ൜

1,                  𝑥(௜)௝ > 𝑦[௜]௝

0,                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 and 

 𝛿ଷ௜  = ൜
1,                  𝑥(௜)௝ = 𝑦[௜]௝

0,                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. 

So, we can have  
𝑚ଵ = ∑ 𝛿ଵ௜

௠
௜ୀଵ  , 𝑚ଶ = ∑ 𝛿ଶ௜ 

௠
௜ୀଵ and 𝑚ଷ = ∑ 𝛿ଷ௜

௠
௜ୀଵ  such that  𝑚 = 𝑚ଵ + 𝑚ଶ + 𝑚ଷ. 

3. Maximum Likelihood Estimation for the BGB model 
This section deals with parametric estimation for the BGB distribution based on SRS and 

RSS. Two algorithms for generating bivariate random samples are provided. 
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3.1. MLE based on Simple Random Sample  
Suppose that there are n independent pairs of components (𝑋௜ , 𝑌௜), 𝑖 = 1 … 𝑛 under 

experiment, and each of them has  𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿)  distribution. The following is an 
algorithm that describes how to get an SRS from a BGB distribution  

 
Algorithm 1: Generate SRS from BGB distribution 
 
Step 1. Generate 𝑈ଵ௜ , 𝑈ଶ௜  and 𝑈ଷ௜ , 𝑖 = 1. . 𝑛 from  U(0,1). 

Step 2. Compute 𝑍ଵ௜ = ൣ𝛿(𝑈ଵ௜
ଵ ణభ ⁄ − 1) ൧

భ

ഀ, 𝑍ଶ௜ = ൣ𝛿(𝑈ଶ௜
ଵ ణమ ⁄ − 1) ൧

భ

ഀ  

              and  𝑍ଷ௜ = ൣ𝛿(𝑈ଷ௜
ଵ ణయ ⁄ − 1) ൧

భ

ഀ, 
 
Step3. Obtain  𝑋௜ = 𝑚𝑖𝑛 ( 𝑍ଵ௜ , 𝑍ଷ௜) and  𝑌௜ = 𝑚𝑖𝑛 ( 𝑍ଶ௜ , 𝑍ଷ௜) , 𝑖 = 1. . 𝑛. 
 
Step4. Define the indicator functions as  

𝛿ଵ௜ = ൜
1 ;     𝑥௜ < 𝑦௜

0;     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
, 𝛿ଶ௜ = ൜

1 ;      𝑥௜ > 𝑦௜

0;     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  𝑎𝑛𝑑  𝛿ଷ௜ = ൜

1 ;          𝑥௜ = 𝑦௜

0;     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 . 

 
Step5. For the SRS (𝑋௜, 𝑌௜), 𝑖 = 1,2, … , 𝑛, the corresponding sample size  n must satisfy  
𝑛 = 𝑛ଵ + 𝑛ଶ + 𝑛ଷ  Such that  𝑛ଵ = ∑ 𝛿ଵ௜

௡
௜ୀଵ ,       𝑛ଶ = ∑ 𝛿ଶ௜

௡
௜ୀଵ   𝑎𝑛𝑑     𝑛ଷ = ∑ 𝛿ଷ௜ .

௡
௜ୀଵ  

 
  

The likelihood function of the SRS of size 𝑛 [ (𝑋௜ , 𝑌௜), 𝑖 = 1,2, … , 𝑛]  is given by 

                   𝐿(𝜃) =  ∏ [𝑓ଵ(𝑥ଵ௜ , 𝑥ଶ௜)]ఋభ೔  [𝑓ଶ(𝑥ଵ௜ , 𝑥ଶ௜)]ఋమ೔ [𝑓ଷ(𝑥ଵ௜ , 𝑥ଶ௜)]ఋయ೔௡
௜ୀଵ .      

    

  Where  𝑛ଵ = ∑ 𝛿ଵ௜
௡
௜ୀଵ  , 𝑛ଶ = ∑ 𝛿ଶ௜  ௡

௜ୀଵ and 𝑛ଷ = ∑ 𝛿ଷ௜
௡
௜ୀଵ  such that 𝑛 = 𝑛ଵ + 𝑛ଶ + 𝑛ଷ. 

The log-likelihood function of the SRS of size n from the BGB distribution is given by 

𝑙(Θ) = (2𝑛ଵ + 2𝑛ଶ + 𝑛ଷ)(log 𝛼 − log 𝛿) + 𝑛ଵ𝑙𝑜𝑔𝜗ଵ + 𝑛ଵ𝑙𝑜𝑔𝜗ଶଷ + 𝑛ଶ𝑙𝑜𝑔𝜗ଶ  

          +𝑛ଶ𝑙𝑜𝑔𝜗ଵଷ + 𝑛ଷ𝑙𝑜𝑔𝜗ଷ + (𝛼 − 1){∑ (𝛿ଵ௜ + 𝛿ଶ௜ ) 𝑙𝑜𝑔𝑥௜𝑦௜ + 𝛿ଷ௜  𝑙𝑜𝑔𝑥௜
௡
௜ୀଵ }  

           −(𝜗ଵ + 1) ∑ 𝛿ଵ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ − (𝜗ଶଷ + 1) ∑ 𝛿ଵ௜  log ቀ1 +
௬೔

ഀ

ఋ
ቁ௡

௜ୀଵ           

            −(𝜗ଵଷ + 1) ∑ 𝛿ଶ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ − (𝜗ଶ + 1) ∑ 𝛿ଶ௜  log ቀ1 +
௬೔

ഀ

ఋ
ቁ௡

௜ୀଵ           

             −(𝜗ଵଶଷ + 1) ∑ 𝛿ଷ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ .       (1) 

The first derivatives of the log- likelihood function with respect to 𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼 and 𝛿  are as 

follows: 
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డ௟

డణభ
=

 ௡భ

ణభ
+

௡మ

ణభయ
− ∑ 𝛿ଵ௜  log ቀ1 +

௫೔
ഀ

ఋ
ቁ௡

௜ୀଵ − ∑ 𝛿ଶ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ − ∑ 𝛿ଷ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ , 

డ௟

డణమ
=

 ௡మ

ణమ
+

௡భ

ణమయ
− ∑ 𝛿ଵ௜  log ቀ1 +

௬೔
ഀ

ఋ
ቁ௡

௜ୀଵ − ∑ 𝛿ଶ௜  log ቀ1 +
௬೔

ഀ

ఋ
ቁ௡

௜ୀଵ − ∑ 𝛿ଷ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ , 

డ௟

డణయ
=

 ௡య

ణభ
+

௡భ

ణమయ
+

௡మ

ణభయ
− ∑ 𝛿ଵ௜  log ቀ1 +

௬೔
ഀ

ఋ
ቁ௡

௜ୀଵ − ∑ 𝛿ଶ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ   

        − ∑ 𝛿ଷ௜  log ቀ1 +
௫೔

ഀ

ఋ
ቁ௡

௜ୀଵ , 

డ௟

డఋ
= −

 ଶ௡భା ଶ௡మା ௡య

ఋ
+ (𝜗ଵ + 1) ∑ 𝛿ଵ௜  

௫೔
ഀ ఋమ⁄

൬ଵା
ೣ೔

ഀ

ഃ
൰

௡
௜ୀଵ + (𝜗ଶଷ + 1) ∑ 𝛿ଵ௜  

௬೔
ഀ ఋమ⁄

൬ଵା
೤೔

ഀ

ഃ
൰

௡
௜ୀଵ   

       +(𝜗ଵଷ + 1) ∑ 𝛿ଶ௜  
௫೔

ഀ ఋమ⁄

൬ଵା
ೣ೔

ഀ

ഃ
൰

௡
௜ୀଵ +(𝜗ଶ + 1) ∑ 𝛿ଶ௜  

௬೔
ഀ ఋమ⁄

൬ଵା
೤೔

ഀ

ഃ
൰

௡
௜ୀଵ +(𝜗ଵଶଷ + 1) ∑ 𝛿ଶ௜  

௫೔
ഀ ఋమ⁄

൬ଵା
ೣ೔

ഀ

ഃ
൰

௡
௜ୀଵ , 

డ௟

డఈ
=

 ଶ௡భା ଶ௡మା ௡య

ఈ
+ ∑ (𝛿ଵ௜ + 𝛿ଶ௜ ) 𝑙𝑜𝑔𝑥௜𝑦௜ + 𝛿ଷ௜  𝑙𝑜𝑔𝑥௜

௡
௜ୀଵ -(𝜗ଵ + 1) ∑ 𝛿ଵ௜  

௫೔
ഀ ୪୭୥ ௫೔ 

ఋା௫೔
ഀ

௡
௜ୀଵ  

        -(𝜗ଶଷ + 1) ∑ 𝛿ଵ௜  
௬೔

ഀ ୪୭୥ ௬೔ 

ఋା௬೔
ഀ

௡
௜ୀଵ − (𝜗ଵଷ + 1) ∑ 𝛿ଶ௜  

௫೔
ഀ ୪୭୥ ೔ 

ఋା௫೔
ഀ

௡
௜ୀଵ  

        -(𝜗ଶ + 1) ∑ 𝛿ଶ௜  
௬೔

ഀ ୪୭ ೔ 

ఋା௬೔
ഀ

௡
௜ୀଵ -(𝜗ଵଶଷ + 1) ∑ 𝛿ଷ௜  

௫೔
ഀ ୪୭୥ ௫೔ 

ఋା௫೔
ഀ

௡
௜ୀଵ . 

3.2. MLE based on Ranked Set Sampling 

In this sub-section, we discussed the MLE for BGB distribution parameters based on RSS as 
explained in Algorithm 2. Assume  [(𝑥(௜)௝, 𝑦[௜]௝), 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑟] denote RSS from 
𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿) distribution, for simplicity, assume 𝑥௜௝ = 𝑥(௜)௝  and  𝑦௜௝ = 𝑦[௜]௝ .  

Algorithm 2: Generate RSS from BGB distribution  

 
Step 1. Generate a bivariate random sample  (𝑋௜ , 𝑌௜), 𝑖 = 1,2, … , 𝑚ଶ using Algorithm 1 for 𝑗௧௛ 
cycle. 
Step 2. Divide the units in the sample randomly into m sets of size m each 
Step3. Rank the units in each set from the smallest to the largest according to the variable X 
Step 4. Select the order statistics 𝑋(௜) and its concomitant 𝑌[௜] from the 𝑖௧௛   set  
Step 5. Repeat Steps 1-4 r times if we need to obtain a sample of size 𝑛 = 𝑚𝑟. 
[(𝑋(௜)௝, 𝑌[௜]௝), 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑟. 
Where 𝑋(௜)௝  is the 𝑖௧௛ order statistic of X in the  𝑗௧௛ cycle and 𝑌[௜]௝ be its concomitant of  𝑌.  

The likelihood function for the RSS {[(𝑋(௜)௝, 𝑌[௜]௝), 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑟} of size 𝑛 = 𝑟𝑚 
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is given as:  

           𝐿(Θ) ∝ ∏ ∏ [𝑓ଵ(𝑥௜௝, 𝑦௜௝)]ఋభ೔ [𝑓ଶ(𝑥௜௝, 𝑦௜௝)]ఋమ೔  [𝑓ଷ(𝑥௜௝)]ఋయ೔௠
௜ୀଵ

௥
௝ୀଵ [𝐹((𝑥௜௝)]௜ିଵ[𝐹ത(𝑥௜௝)]௠ି௜ . 

The log-likelihood function  𝑙(Θ) = 𝑙𝑜𝑔 𝐿(Θ)  of the RSS of size 𝑛 = 𝑟 𝑚 from the BGB 
distribution is given by: 

𝑙(Θ) = (2𝑟𝑚ଵ + 2𝑟𝑚ଶ + 𝑟𝑚ଷ)𝑙𝑜𝑔𝛼 − (2𝑟𝑚ଵ + 2𝑟𝑚ଶ + 𝑟𝑚ଷ)𝑙𝑜𝑔𝛿 + 𝑟𝑚ଵ𝑙𝑜𝑔𝜗ଵ 

                     +𝑟𝑚ଵ𝑙𝑜𝑔𝜗ଶଷ + 𝑟𝑚ଶ𝑙𝑜𝑔𝜗ଶ + 𝑟𝑚ଶ𝑙𝑜𝑔𝜗ଵଷ + 𝑟𝑚ଷ𝑙𝑜𝑔𝜗ଷ  

                     +(𝛼 − 1){∑ ∑ (𝛿ଵ௜ + 𝛿ଶ௜ + 𝛿ଷ௜ ) 𝑙𝑜𝑔𝑥௜௝  +௠
௜ୀଵ

௥
௝ୀଵ (𝛿ଵ௜ + 𝛿ଶ௜ ) 𝑙𝑜𝑔𝑦௜௝}   

                   −(𝜗ଵ + 1) ∑ ∑ 𝛿ଵ௜  log(1 +
௫೔ೕ

ഀ

ఋ
)௠

௜ୀଵ
௥
௝ୀଵ −(𝜗ଶଷ + 1) ∑ ∑ 𝛿ଵ௜  log(1 +

௬೔ೕ
ഀ

ఋ
)௠

௜ୀଵ
௥
௝ୀଵ   

                    −(𝜗ଵଷ + 1) ∑ ∑ 𝛿ଶ௜  log(1 +
௫೔ೕ

ഀ

ఋ
)−(𝜗ଶ + 1) ∑ ∑ 𝛿ଶ௜  log(1 +

௬೔ೕ
ഀ

ఋ
)௠

௜ୀଵ
௥
௝ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ   

                     −(𝜗ଵଶଷ + 1) ∑ ∑ 𝛿ଷ௜  log(1 +
௫೔ೕ

ഀ

ఋ
)௠

௜ୀଵ
௥
௝ୀଵ       

                     −(𝜗ଵଷ + 1) ∑ ∑ (𝑚 − 𝑖) log(1 +
௫೔ೕ

ഀ

ఋ
)௠

௜ୀଵ
௥
௝ୀଵ   

                     + ∑ ∑ (𝑖 − 1)𝑙𝑜𝑔 [1 − (1 +
௫೔ೕ

ഀ

ఋ
)ିణభయ]௠

௜ୀଵ
௥
௝ୀଵ .          (2) 

 

The first derivatives of the log- likelihood function with respect to 𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼 and 𝛿  are as 

follows 

డ௟

డణభ
=

௥ ௠భ

ణభ
+

௥ ௠మ

ణభయ
− ∑ ∑ 𝛿ଵ௜  log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ − ∑ ∑ 𝛿ଶ௜  log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ   

− ∑ ∑ 𝛿ଷ௜  log ቀ1 +
௫೔ೕ

ഀ

ఋ
ቁ − ∑ ∑ (𝑚 − 𝑖) log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ  ௠

௜ୀଵ
௥
௝ୀଵ   

− ∑ ∑ (𝑖 − 1)
(ଵା

ೣ೔ೕ
ഀ

ഃ
)షഛభయ ୪୭୥ቆଵା

ೣ೔ೕ
ഀ

ഃ
ቇ

ଵିቆଵା
ೣ೔ೕ

ഀ

ഃ
ቇ

షഛభయ

 

௠
௜ୀଵ

௥
௝ୀଵ , 

డ௟

డణమ
=

௥ ௠భ

ణమయ
+

௥ ௠మ

ణమ
− ∑ ∑ 𝛿ଵ௜  log ቀ1 +

௬೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ − ∑ ∑ 𝛿ଶ௜  log ቀ1 +

௬೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ         

        − ∑ ∑ 𝛿ଷ௜  log ቀ1 +
௫೔ೕ

ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ , 

డ௟

డణయ
=

௥ ௠భ

ణమయ
+

௥ ௠మ

ణభయ
+

௥ ௠య

ణయ
− ∑ ∑ 𝛿ଵ௜  log ቀ1 +

௬೔ೕ
ഀ

ఋ
ቁ − ∑ ∑ 𝛿ଶ௜  log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ   
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        − ∑ ∑ 𝛿ଷ௜  log ቀ1 +
௫೔ೕ

ഀ

ఋ
ቁ − ∑ ∑ (𝑚 − 𝑖) log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ   

        − ∑ ∑ (𝑖 − 1)
ቆଵା

ೣ೔ೕ
ഀ

ഃ
ቇ

షഛభయ

୪୭୥ቆଵା
ೣ೔ೕ

ഀ

ഃ
ቇ

ଵିቆଵା
ೣ೔ೕ

ഀ

ഃ
ቇ

షഛభయ

 

௠
௜ୀଵ

௥
௝ୀଵ . 

4. Bayesian Estimation for the BGB model 
This section deals with Bayesian estimation for the BGB distribution parameters based on 

RSS and SRS. Unlike those of MLEs, the Bayes estimators are obtained explicitly under the 
squared error loss function for both cases. 

4.1. Bayesian Estimation based on Ranked Set Sampling 
The Bayesian estimators for the BGB distribution are derived explicitly in the case of 

RSS in this sub-section as follows. 
The prior assumption:   

When the shape parameter 𝛼 is known, we assume the same conjugate prior on 𝜗ଵ, 𝜗ଶ and    
 𝜗ଷ  
Assume 𝜗ଵ, 𝜗ଶ and 𝜗ଷ are independent, and distributed as gamma as following 

𝜋௜(𝜆௜) =
௕ೌ೔

୻(௔೔)
 𝜗௜

௔೔ିଵ𝑒ି௕ణ೔  , 𝑖 = 1,2,3 , 𝜗௜ > 0 . 

The joint prior density of  𝜗ଵ, 𝜗ଶ and 𝜗ଷ, 

𝜋଴(𝜗ଵ, 𝜗ଶ, 𝜗ଷ) = ∏
௕ೌ೔

୻(௔೔)
 𝜗௜

௔೔ିଵ𝑒ି௕ ణ೔ଷ
௜ୀଵ . 

 
Posterior Analysis and Bayesian Inference 

Assume we have a bivariate RSS from 𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿)  distribution, and it is denoted 
as follows 
  𝐷 = [(𝑥(௜)௝, 𝑦[௜]௝), 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑟]. Again, for simplicity, assume 𝑥௜௝ = 𝑥(௜)௝  and  
𝑦௜௝ = 𝑦[௜]௝ .  

Let 𝑚 = 𝑚ଵ + 𝑚ଶ + 𝑚ଷ ,  𝜗ଵଶଷ = 𝜗ଵ + 𝜗ଶ + 𝜗ଷ , 𝜗ଵଷ = 𝜗ଵ + 𝜗ଷ and 𝜗ଶଷ = 𝜗ଶ + 𝜗ଷ. 
 

Then the likelihood function given in Equation (2) can be rewritten as 
 

𝐿(𝐷\Θ) =  𝐸𝑥𝑝(log 𝐿(𝐷\Θ))  
 

𝐿(𝐷\Θ) ∝ ∑  ∑ ቀ
𝑟𝑚ଵ

𝑘
ቁ

௥௠మ
௦ୀଵ

௥௠భ
௞ୀଵ  ቀ

𝑟𝑚ଶ

𝑠
ቁ ∏ ∏ ∑ (−1)௟௜ିଵ

௟ୀଵ
௠
௜ୀଵ

௥
௝ୀଵ ቀ

𝑚 − 𝑖
𝑙

ቁ  

               .𝜗ଵ
௥௠మା௦ 𝑒ିణభ భ்(ఈ,ఋ)𝜗ଶ

௥௠మା௞𝑒ିణమ మ்(ఈ,ఋ). 𝜗ଷ
௥௠ି௞ି 𝑒ିణయ య்(ఈ,ఋ).    

  
Where  

𝑇ଵ(𝛼, 𝛿) = 𝑍ଵ(𝛼, 𝛿) + 𝑍ଷ(𝛼, 𝛿) + 𝑍ସ(𝛼, 𝛿) + 𝑍ହ(𝛼, 𝛿) , 
𝑇ଶ(𝛼, 𝛿) = 𝑍ଶ(𝛼, 𝛿) + 𝑍ଷ(𝛼, 𝛿) + 𝑍ସ(𝛼, 𝛿) , 
𝑇ଷ(𝛼, 𝛿) = 𝑍ଶ(𝛼, 𝛿) + 𝑍ଷ(𝛼, 𝛿) + 𝑍ସ(𝛼, 𝛿) + 𝑍ହ(𝛼, 𝛿) , 

𝑍ଵ(𝛼, 𝛿) = ∑ ∑ 𝛿ଵ௜
௠
௜ୀଵ log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௥

௝ୀଵ  , 𝑍ଶ(𝛼, 𝛿) = ∑ ∑ 𝛿ଵ௜
௠
௜ୀଵ log ቀ1 +

௬೔ೕ
ഀ

ఋ
ቁ௥

௝ୀଵ  , 
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𝑍ଷ(𝛼, 𝛿) = ∑ ∑ 𝛿ଷ௜
௠
௜ୀଵ log ቀ1 +

௫೔ೕ
ഀ

ఋ
ቁ௥

௝ୀଵ  , 𝑍ସ(𝛼, 𝛿) = ∑ ∑ (𝑚 − 𝑖) log ቀ1 +
௫೔ೕ

ഀ

ఋ
ቁ௠

௜ୀଵ
௥
௝ୀଵ  , 

𝑍ହ(𝛼, 𝛿) = (𝑖 − 𝑙 − 1) log ቀ1 +
௫೔ೕ

ഀ

ఋ
ቁ. 

 
Since Bayes theory states that:  𝑓(𝐷, Θ) =  𝐿(𝐷\Θ) 𝜋଴(Θ)  
 
and since    𝑓(𝐷) = ∫ 𝑓(𝐷\Θ)𝑑 Θ = ∫ 𝜋଴(Θ)𝐿(𝐷\Θ)𝑑 Θ. 
 

Hence, the joint posterior density function of Θ = (𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿) given the data D, 
denoted by  𝜋ଵ( Θ\𝐷) can be written as  

𝜋ଵ( Θ\𝐷)  =
௙(஽,஀)

௙(஽)
 , 

 

𝜋ଵ( Θ\𝐷) ∝ 𝐴. ∑  ∑ ቀ
𝑟𝑚ଵ

𝑘
ቁ

௥௠మ
௦ୀଵ

௥௠భ
௞ୀଵ  ቀ

𝑟𝑚ଶ

𝑠
ቁ ∏ ∏ ∑ (−1)௟௜ିଵ

௟ୀଵ
௠
௜ୀଵ

௥
௝ୀଵ ቀ

𝑚 − 𝑖
𝑙

ቁ 

                  .𝜗ଵ
௔భೞିଵ 𝑒ିణభ[ భ்(ఈ,ఋ)ା௕భ]𝜗ଶ

௔మೖିଵ𝑒ିణమ[ మ்(ఈ,ఋ)ା௕మ]. 𝜗ଷ
௔యೞିଵ𝑒ିణయ[ య்(ఈ,ఋ)ା௕య].  (3) 

Where 

 𝐴 =
ଵ

∑ ∑ ∏ ∏ ∑ ஺೔ೖೞ೗  
೔షభ
೗సభ

೘
೔సభ

ೝ
ೕసభ

ೝ೘మ
ೞసభ

ೝ೘భ
ೖసభ

,  

 

and 𝐴௜௞௦௟  = (−1)௟ ቀ
𝑟𝑚ଵ

𝑘
ቁ ቀ

𝑟𝑚ଶ

𝑠
ቁ ቀ

𝑚 − 𝑖
𝑙

ቁ .
୻(௔భೞ)

[௕భା భ்(ఈ,ఋ)]ೌభೞ
. 

୻௔మೖ )

[௕మା మ்(ఈ,ఋ)]ೌమೖ 
. 

୻(௔యೞ )

[௕యା య்(ఈ,ఋ)]ೌయೞ
, 

 
𝑎ଵ௦ = 𝑎ଵ + 𝑟𝑚ଵ + 𝑠, 
𝑎ଶ௞ = 𝑎ଶ + 𝑟𝑚ଶ + 𝑘, 
and 𝑎ଷ௦௞ = 𝑎ଷ + 𝑟𝑚 − 𝑘 − 𝑠. 

 
Therefore, under the assumption of independence of 𝜗ଵ, 𝜗ଶand 𝜗ଷ and 𝛼 and 𝛿 are assumed 

to be known. It is possible to get the Bayes estimators of 𝜗ଵ, 𝜗ଶand 𝜗ଷ explicitly under the square 
error loss function using Equation (3), and they will be as follows: 

 

𝜗ሙଵ =
஺

௕భା భ்
∑ ∑ ∏ ∏ ∑ 𝐴௜௞௦௟   𝑎ଵ௦

௜ିଵ
௟ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ

௥௠మ
௦ୀଵ

௥௠భ
௞ୀଵ , 

 

𝜗ሙଶ =
஺

௕మା మ்
∑ ∑ ∏ ∏ ∑ 𝐴௜௞௦௟   𝑎ଶ௞

௜ିଵ
௟ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ

௥௠మ
௦ୀଵ

௥௠భ
௞ୀଵ , 

and  

𝜗ሙଷ =
஺

௕యା య்
∑ ∑ ∏ ∏ ∑ 𝐴௜௞௦௟   𝑎ଷ௦௞

௜ିଵ
௟ୀଵ

௠
௜ୀଵ

௥
௝ୀଵ

௥௠మ
௦ୀଵ

௥௠భ
௞ୀଵ . 

4.2. Bayesian Estimation based on Simple Random Samples 

In this sub-section, the Bayesian estimators are derived explicitly for the BGB distribution 
under the square error loss function in the case of SRS 
 
We consider the same prior assumption as in the RSS case with known parameters 𝛼  and 𝛿 

So, the joint prior density of the independent parameters  𝜗ଵ, 𝜗ଶ and 𝜗ଷ, is given as 

𝜋଴(𝜗ଵ, 𝜗ଶ, 𝜗ଷ) = ∏
௕ೌ೔

୻(௔೔)
 𝜗௜

௔೔ିଵ𝑒ି௕ ణ೔ଷ
௜ୀଵ . 
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Assume we have a bivariate SRS from 𝐵𝐺𝐵(𝜗ଵ, 𝜗ଶ, 𝜗ଷ, 𝛼, 𝛿) distribution, and it is denoted 
as 

  𝐷 = [(𝑥𝑖, 𝑦௜), 𝑖 = 1,2, … , 𝑛]. 
Let 𝑛 = 𝑛ଵ + 𝑛ଶ + 𝑛ଷ ,  𝜗ଵଶଷ = 𝜗ଵ + 𝜗ଶ + 𝜗ଷ , 𝜗ଵଷ = 𝜗ଵ + 𝜗ଷ, 𝜗ଶଷ = 𝜗ଶ + 𝜗ଷ  

and Θ = (𝜗ଵ, 𝜗ଶ, 𝜗ଷ). 
Then the likelihood function given in Equation (1) can be rewritten as 
 

𝐿(𝐷\Θ) =  𝐸𝑥𝑝(log 𝐿(𝐷\Θ))  
 

𝐿(𝐷\Θ) = ∑ ∑ ቀ
𝑛ଵ

𝑘
ቁ ቀ

𝑛ଶ

𝑠
ቁ . 𝜗ଵ

௡భା௦𝑒−𝜗1𝑇1(𝛼,𝛿). 𝜗ଶ
௡మା௞𝑒−𝜗2𝑇2(𝛼,𝛿). 𝜗ଷ

௡ି௞ି௦𝑒−𝜗3𝑇3(𝛼,𝛿)௡భ
௞ୀଵ

௡మ
௦ୀଵ ,  

Where  
𝑇ଵ(𝛼, 𝛿) = 𝑍ଵ(𝛼, 𝛿) + 𝑍ଷ(𝛼, 𝛿) + 𝑍ହ(𝛼, 𝛿) , 
𝑇ଶ(𝛼, 𝛿) = 𝑍ଶ(𝛼, 𝛿) + 𝑍ସ(𝛼, 𝛿) + 𝑍ହ(𝛼, 𝛿) , 
𝑇ଷ(𝛼, 𝛿) = 𝑍ଷ(𝛼, 𝛿) + 𝑍ସ(𝛼, 𝛿) + 𝑍ହ(𝛼, 𝛿) , 

𝑍ଵ(𝛼, 𝛿) = ∑ 𝛿ଵ௜
௡
௜ୀଵ log ቀ1 +

௫೔
ഀ

ఋ
ቁ , 𝑍ଶ(𝛼, 𝛿) = ∑ 𝛿ଶ௜

௡
௜ୀଵ log ቀ1 +

௬೔
ഀ

ఋ
ቁ , 

𝑍ଷ(𝛼, 𝛿) = ∑ 𝛿ଶ௜
௡
௜ୀଵ log ቀ1 +

௫೔
ഀ

ఋ
ቁ , 𝑍ସ(𝛼, 𝛿) = ∑ 𝛿ଵ௜

௡
௜ୀଵ log ቀ1 +

௫೔
ഀ

ఋ
ቁ , 

𝑍ହ(𝛼, 𝛿) = ∑ 𝛿ଷ௜
௡
௜ୀଵ log ቀ1 +

௫೔
ഀ

ఋ
ቁ. 

            
Furthermore, the joint posterior density function of Θ given the data D, denoted 

by  𝜋ଵ( Θ\𝐷) can be written by gamma densities as follows 
 
𝜋ଵ( Θ\𝐷) ∝ 𝐴 ∑ ∑ 𝐴𝑘𝑠  

𝑛1
𝑘=1

𝑛2
𝑠=1 𝐺𝑎𝑚𝑚𝑎[𝜗1; 𝑎1𝑠, 𝑏1 + 𝑇1(𝛼, 𝛿)].  

                    .𝐺𝑎𝑚𝑚𝑎 [𝜗ଶ;  𝑎ଶ௞ , 𝑏ଶ + 𝑇ଶ(𝛼, 𝛿)]. 𝐺𝑎𝑚𝑚𝑎 [𝜗ଷ ; 𝑎ଷ௞ , 𝑏ଷ + 𝑇ଷ(𝛼, 𝛿)],         (4) 
 

where 𝐴 =
ଵ

∑ ∑ ஺ೖೞ  
೙భ
ೖసభ

೙మ
ೞసభ

, 

 𝐴௞௦ = ቀ
𝑛ଵ

𝑘
ቁ ቀ

𝑛ଶ

𝑠
ቁ .

୻(௔భೖ)

[௕భା భ்(ఈ,ఋ)]ೌభೞ
. ୻௔మೞ )

[௕మା మ்(ఈ,ఋ)]ೌమೖ 
. ୻(௔యೞ )

[௕యା య்(ఈ,ఋ)]ೌయೞೖ
, 

𝑎ଵ௦ = 𝑎1 + 𝑛ଵ + 𝑠, 
𝑎ଶ௞ = 𝑎2 + 𝑛ଶ + 𝑘, 
and 𝑎3𝑠𝑘 = 𝑎ଷ + 𝑛 − 𝑠 − 𝑘. 
 
Hence, using Equation (4), the Bayes estimators of  𝜗ଵ, 𝜗ଶand 𝜗ଷ are obtained explicitly 

under the square error loss function based on SRS as follows: 

𝜗ሙଵ =
஺

௕భା భ்
∑ ∑ 𝐴𝑘𝑠  𝑎1𝑠

𝑛1

𝑘=1

𝑛2

𝑠=1 , 

 

𝜗ሙଶ =
஺

௕మା మ்
∑ ∑ 𝐴𝑘𝑠  𝑎2𝑘

𝑛1

𝑘=1

𝑛2

𝑠=1 , 

and  

𝜗ሙଷ =
஺

௕యା య்
∑ ∑ 𝐴𝑘𝑠  𝑎3𝑠𝑘

𝑛1

𝑘=1

𝑛2

𝑠=1 . 



JPSS Vol. 24 No.1 February 2026  pp. 14-28 

28 
 

5. Conclusions 
Based on ranked set samples, this paper aims to deriving the likelihood function and to full 

Bayesian and non- Bayesian estimation procedures for the dependent variables described by using 
Marshal – Olkin bivariate models in general and considering Marshall–Olkin bivariate generalized 
Burr distribution especially. The Bayesian estimates are obtained in explicit forms. But non-
Bayesian ones cannot be obtained in explicit form. 
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