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ABSTRACT

In this article, we establish recurrence relations (RR) for single and product moment
generating function (MGF) based on based on progressive first failure censoring (PFFC) for
generalized Pareto distribution (GPD). Characterization for GPD using RR of single and
product MGF of PFFC are also obtained. Further, the results are specialized to the
progressively type-II right censored (PTIIRCOS).
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1. Introduction

Suppose that # independent groups with & items within each group are put on a life
test. Ry groups and the group in which the first failure is observed are randomly

removed from the test as soon as the first failure X (R1,Rz, . Rim) has occurred and

1:m:mnk
finally when the m" failure Xr(,ﬁ},’ffl’}g'Rm) is observed, the remaining groups R,, are
removed from the test. Then Xl(ﬁ}l’:izl’c""Rm) << Xr(,ﬁ:,’l}frzl’;;"Rm) are called

progressively first-failure censored order statistics with the progressive censored
scheme, where n = m + }/%; R;. If the failure times of the n X k items originally in
the test are from a continuous population with cdf and pdf, the joint pdf for

X(R1.Rz,...,Rm) X(Rl.Rz,...,Rm)

is defined as follows:

1:m:mnk rerSmimink
m
Fesmn- e G s Xm1,3m) = Ko™ || £ GO IF G,
i=1
X1 Xy X3 Xm—1 Xm 0, .
0< < < < < < < 1.1
where,

Kom-py=nm—R —1)(n—Ry—R, —2)..(n—R; —R; —R3 ...~ Ryy_; —m+1).
Aggarwala and Balakrishnan [2] derived RR for single and product moments of
PTIIRCOS from exponential distribution. Mohie El-Din et al. [7,8,9,10,11] derived
RR of moments of the extended power Lindley, generalized Pareto, Gompertz, linear
failure rate and Marshall-Olkin extended Burr XII distributions based on general
PTIIRCOS and characterization. Sadek et al. [12] derived characterization for
generalized power function distribution using RR based on general PTIIRCOS.
Marwa Mohie El-Din and Sharawy [5,6] derived RR for the extension of exponential
and generalized exponential distributions based on general PTIIRCOS. Kotb et al. [4]
derived E-Bayesian estimation for Kumaraswamy distribution using PFFC. Abu-
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Moussa et al. [1] derived estimation of reliability functions for the extended Rayleigh
distribution under PFFC.

Throughout this paper, we introduce RR of MGF based on PFFC. Also
characterization for exponential distribution using RR of MGF based on PFFC, are
obtained.

We introduce the RR of MGF for GPD based on PFFC.
The pdf is
)

f(x,G,a,a):%[l_%(x_#)]( c>0, wa€eR (12)

The corresponding cumulative distribution function (cdf) is given by

)

F(xeaa)—1—[1—f(x— )]( (1.3)
,6,0,0) = ~(x —u .

ForaS0wehave,u£x<ooandfora>0wehaveu£x<u+%.

It may be noticed that from (1.2) and (1.3) the relation between pdf and cdf is given
by,

[c+au—oax]f(x) =1—-F(x) (1.4)
The single MGF of the PFFC in view of (1.1) as

(kRy+k—1,..kRm+k—-1) _ tx, v (kKRi+k=1,.. kRm+k—-1)] _
Mq:m:n,k =El|e qu:m:n,k -

Koumo, f f " f e k™ f () [F () [+~ x
0<x1 <+ <Ay <00

£ ) [F Qe R f (o) [F (o) 1Fm " dxy .. dt, (1.5)
and product MGF
0<x1< <Xy <0
fOeDF Qe Rt f Com) [F e IRm* = dixy .. ot (1.6)

2. Recurrence Relations

In this section, we introduce the RR for single and product MGF based on PFFC.
In the next theorem we introduce RR for single MGF based on PFFC.
Theorem 2.1

For2<g<m-—1, m <n,then

— @ — —
(at)M(kR1+k 1,...kRp+k—1)1 _ [(a+au)(t) _ k(Rq + 1)]M(kR1+k 1,...kRp+k—1)

gmm,k gmmnk

(kRy+k—1,..kRq_1+kRq+2k—1,kRgs1+k—1,..kRm+k—1)
+(TL —Ry == Rq—l —q+t 1)]\/Iq—l:m—l:n,k
(kRy+k—1,..kRq+kRg41+2k—1,kRq42+k—1,...kRm+k—1)
- (TL —Ry— =Ry — q)Mq:m—lzn,k (2.1
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Proof
From (1.4) and (1.5), we get

(kR +k—1,...kRm+k—1) (kR +k—=1,..kRyp+k—-1)1D
(o + a.u)Mq:m:n - an:m:n -

m
Kmnm-1) fj J Al(xq—llxq+1)k
O<X1<"'<Xq_1<Xq+1<"'<xm<00

FOFGI (g ) [Frg-a)] ™ 1) X
[F(xg4)] ™ e f o) [F Qo) FRm¥ R, o dxg_qdxgiy o dX, (2.2)
where

X
A1 (X1, %q41) = J Vet [F(xq)]qu+k dxg. (2.3)

Xg-1

Upon integrating the integral in (2.3) by parts, we get

etFa+t [F(xq+1)]qu+k —et¥a1 [F(xq—l)]quJrk

Al(xq—l;xq+1) =

t

kR, + ky (*a+1 _ -

(BB [t e )0 o
Xq_1

Substituting by Eq. (2.4) in Eq. (2.2) and simplifying, yields Eq. (2.1).

This completes the proof.

Special cases

1- Theorem 2.1 will be valid for the PTIIRCOS when k = 1,

R1,Rz,... R) D R1,Rz,...Rm
atM{s Rt = (0 + ap) () — (Rq + 1) | MRz

(R1,R2,-wRq-2,(Rq-1+Rq+1),Rq+1,-.Rm)
+(n —Ry == Rq—l —q+t 1)qu—l:m—l:n
(R1.R2,-sRq-1,(Rq+Rg41+1),Rg 42, Rm)
- (n_Rl - “'_RCI _q)Mq:m—l:n .

2-Forr=0and g =m
(€Y
MRz = (6 + ap)(6) — Ry + DML

mmmn mmmn
+(n =Ry — = Rpy_y —m + 1Mz Rz Rma tRm 1))
3-Forr=0, m=1,n=1and Ry =---=R,, =0,
atM® = [(o + ap)(t) — 1]M + et#,
and when t = 0 we obtained the expected value E[X] = %

4- From 3 we obtained the second moment,
26% + 48ua + 28u + 2uPa? + 2uPa + p?

2 —
X7 1+ 3a+ 2a?
5- From 3 and 4, we obtained the variance

62
1+ 2a0)(1+ a)*
In the next two theorems, we introduce RR for product continuous function based on
PFFC.
Theorem 2.2

forl<g<s<m-—1, m<n,then
(KRy+k—1,..kRm+k—-1)10) (kR1+k—1,...kRm+k—1)
(at)Mq,s:m:n,k - [(0 + au) (t) - k(Rq + 1)]Mq,s:m:n,k
((kRy+k—=1,..,kRq_1+kRq+2k—1,kRq41+k—1,..kRy+k—1)
qg—1,s—-1:m-1nk

Var(x) =

+(n—R,——Rge1—q+1)M
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KRy+k—1,..,kRq+kRq41+2k=1,kRqsz+k—1,..kRm+k—1
—(n—Rl—"'—Rq—q)M( 1 q q+1 q+2 m )'

q,s—-1m—-1nk
Proof
Similarly as proved in Theorem 2.1.

(2.5)

Theorem 2.3
Forl1<g<s<m-—1, m <n,then

_ _1)o1 _ _
[at]M(kR1+k 1,...kRy+k—1)(01 _ [(a+au)(t) —k(RS n 1)]M(kR1+k 1,..kRpm+k—1)

q,sm:n,k q,smmnk
+(Tl R R s + 1)M(kR1+k—1,...,kRS_l+kRS+2k—1,kRS+1+k—1,...,kRm+k—1)
—Ry—+—R4_;—

q,s—1:m—-1nk
(kR1+k—1,...kRq+KRs41+2k—1,kRs4p+k—1,...kRm+k—1)
- (Tl —Ry— =Ry — S)Mq,s:m—l:n,k
Proof
Similarly as proved in Theorem 2.1.
Special case
For k = 1, we obtain the recurrence relation of PTIIRCOS.
R1,Rz,...Rm) @D R1,Rz,..Rm

(@)M{mz ™ = (0 + au) (£) — (R + DMty ™

(R1,R2,..sRs—2,(Rs—1+Rs+1),Rs+1,--Rm)

.(2.6)

+(n - R1 _ RS—l - S + 1)Mq—1,s—1:m—1:n
(R1,R2,..,Rs—1,(Rs*+Rs+1+1),Rs42,-.Rm)
- (n —Ry—-—Ry— S)IVIq,s:m—l:n ’

and fors =m
R{,Ry,...Rm) L0 R{,Rz,...R
[at]M {2 Rm = [(a + ap) () = Ry + 1M simze-Rm)
+(n = Ry — = Ry — m + DMy im2Rmot Rt 1)),
3. The Characterizations

In this section, we introduce the characterization of the GPD using the relation
between pdf and cdf and using RR for single and product MGF based on PFFC.

3.1 Characterization via differential equation for the GPD

In the next theorem, we introduce the characterization of the GPD using relation
between pdf and cdf.

Theorem 3.1

Let X be a continuous random variable with pdf f(-), cdf F(-) and survival

function [F(-)]. Then X has GPD iff

[F()] = [0 + ap — ax]f (x) (3.1)
Proof
Necessity:
From Eq. (1.2) and Eq. (1.3) we can easily obtain Eq. (3.1).
Sufficiency:
Suppose that Eq. (3.1) is true. Then we have:
—d[F(x)] 1

F(x) o+au—ax x
By integrating, we get
_ 1
In|F(x)] :aln|a+au—ax| +C, (3.2)
where C is an arbitrary constant.
Now, since [F(u)] = 1, then putting x = u in (3.2), we get C = %lnlal

Therefore,

— 1 |jo+au—ax
In|[F(x)]| = Eln —|,

o
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hence,

1
Flx)=1— [a + ag ax]a'
That is the distribution function of GPD.

This completes the proof.

3.2 Characterization via RR for MGF

In the next theorem, we will introduce the characterization of the GPD using RR for
single MGF based on RFFC.

Theorem 3.2

Let X;.n <...< X0 be the order stasistics of a random sample of size n Then X has
GPDiff,for2<g<m—-—1m<n and i = 0,

_ _@ _ _
(at)M(kR1+k 1,...kRp+k—-1)1 _ [(a+au)(t) _ k(Rq + 1)]M(kR1+k 1,...kRm+k—1)

gmmnk qgmm,k
(kRy+k—1,..kRq_1+kRq+2k—1,kRg41+k—1,..kRm+k—1)
+(TL - Rl -t Rq—l —q+t 1)]\/Iq—l:m—l:n,k
(kRy+k—1,..,.kRq+kRg+1+2k—1,kRg12+k—1,...kRm+k—1)
- (TL —Ri—=Rg— q)Mq:m—l:n,k - (33)
Proof
Necessity:
2.1 proved the necessary part of this theorem. Theorem
Sufficiency:

Assuming that (3.3) holds, then we have:
(at)M(kR1+k—1,...,kRm+k—1)(1) _ [(a n a'y)(t) _ k(R + 1)]M(kR1+k—1,...,kRm+k—1)
q

gmm,k gmmnk
(kRy+k—1,..kRq—1+kRq+2k—1,kRg41+k—1,..kRm+k—1)
+(TL - Rl - Rq—l —q+t 1)1\/1q—1:m—1:n,k
(kR1+k—1,..,.kRq+KkRq41+2k—1,kRq4p+Kk—1,..KRm+k—1)
- (Tl —Ry = =Ry - q)Mq:m—l:n,k -(3.4)
where,

(kR{+k—-1,...,kRpyp+k-1) __

gmmn
m
K(n,m—l) Jf f Az(.xq_l, Xq+1)k
0<X1<“'<Xq_1<Xq+1<“'<xm<°0

F ) [F )] eRtk1 . f(xq_l) [ngq—l)]qu_1+k_1f(xq+1) [F(xq+1)]qu+1+k—1 9
o f G [F ()] ¥Rm¥ " dxy . dXg_1dX gy - A, (3.5)
where

X
Ax(xq-1,%q41) = f qﬂetxq [1- F(xq)]qu+k dxg. (3.6)

xq_l

Upon integrating the integral in (3.6) by parts, we get
g [F(xq+1)]qu+k —ea [F(xq—l)]qu+k

A (xq—l; xq+1) =

t
kR, + k Xg+1 _ e
(B [ e ) g 07

q-1
Substituting in (3.5), we get

Kanm-1) ff f e (o + au — axy) x
0<x1 < <Xg-1<Xg41 < <X <0

K f (g ) [F ()] T FGe) [F ()Rt x
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PG ) )]0
o fCem) [F Gey) [FRm¥ k=1, . dxg_1dxg4q o ddXyy =

K(n,m—l) ff f et*a x
0<X1<“'<Xq_1<Xq+1<“'<xm<00

km[ﬁ(xq)]quHcf(xl) [F(xl)]kR1+k_1 "'f(xq—l) x

[F(xq—l)]qu_1+k_1f(xq+1)[F(xq+1)]qu+1+k_1 oo f () [F () ] R+ 1
dxy . dxg_1dXgiq .. Xy,
We get

K(n,m—l) ff J etXaf™ x
0<x1 < <Xg-1<Xg+1 < <A <00

[F(xq)]Rq [(a +ab —axy)f(xq) — [F(xq)]]f(xl)[ﬁ(xl)]kR1+k—1 x

e () [FCrg)] T () [F ()| 7
e f Qo) [F o) FRmH Ry o dxg_qdxgeq o dXy = 0. (3.8)
Using Miintz-Szasz theorem, [See, H\yang and Lin [3]], we get
(0 + ap — axg)f(xq) = [F(xq)]:

Using Theorem 3.1, we get
1
a)
a

a
F)=1-[1 —;(x—u)]( .
That is the distribution function of GPD.
This completes the proof.
In the next two theorems, we will introduce the characterization of the GPD using RR
for product MGF based on PFFC.
Theorem 3.3
Let Xi:n <Xr+2:0 <... <Xnu:n be the order stasistics of a random sample of size n. Then

Xhas GPDiff, for1 <g<s<m—1, m<n,
kRi+k—1,..,kRpm+k—1)(10 kRi+k—1,...kRpm+k—1
(@) Mg = [0+ @) (0) = k(Rg + 1) Mg Y
(kRi+k—-1,..kRq—1+kRq+2k—1,kRg41+k—1,..kRm+k—1)

+(TL —Ry == Rq—l —q+ 1)1\/1q—1,s—1:m—1:n,k

_ (n Ry = Rq _ q)Mc(lfcslilgrfl_—i‘;;;];cRﬁquﬂ+2k_1'qu+2+k_1'mlkRm+k_1)'
Proof
Similarly as proved in Theorem 3.2.
Theorem 3.4

Let Xi. <... <Xu:n be the order stasistics of a random sample of size n. Then X has
GPDiff,for1<g<s<m—-1,m<n,

— —1)(,1) — —
(at)M(kR1+k 1,...kRym+k—1)01 _ [(a+ au)(t) —k(RS + 1)]M(RR1+k 1,... kR +k—1)

q,smmnk q,smmnk
+(n _ Rl —w.—R e + 1)M(kR1+k—1,...,kRs_l+kR5+2k—1,kR5+1+k—1,...,kRm+k—1)
S—

q,s—1:m—-1nk
kR{+k—-1,...,kRg+kRgy1+2k—1,kRg4o+k—1,.. . kRp+k—1
_(n—Rl—"'—RS—S)M( 1 S s+1 s+2 m )
Proof

qg,sm-1nk
Similarly as proved in Theorem 3.2.
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