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ABSTRACT  
In this article, we establish recurrence relations (RR) for single and product moment 
generating function (MGF) based on based on progressive first failure censoring (PFFC) for 
generalized Pareto distribution (GPD). Characterization for GPD using RR of single and 
product MGF of PFFC are also obtained. Further, the results are specialized to the 
progressively type-II right censored (PTIIRCOS). 
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1. Introduction 
     Suppose that n independent groups with k items within each group are put on a life 
test. 𝑅ଵ groups and the group in which the first failure is observed are randomly 

removed from the test as soon as the first failure 𝑋ଵ:௠:௡,௞
(ோభ,ோమ,…,ோ೘)

  has occurred and 

finally when the 𝑚௧௛ failure 𝑋௠:௠:௡,௞
(ோభ,ோమ,…,ோ೘)

 is observed, the remaining groups 𝑅௠ are 

removed from the test. Then 𝑋ଵ:௠:௡,௞
(ோభ,ோమ,…,ோ೘)

< ⋯ < 𝑋௠:௠:௡,௞
(ோభ,ோమ,…,ோ೘)

 are called 
progressively first-failure censored order statistics with the progressive censored 
scheme, where 𝑛 = 𝑚 + ∑ 𝑅௜ .௠

௜ୀଵ  If the failure times of the 𝑛 × 𝑘 items originally in 
the test are from a continuous population with cdf and pdf, the joint pdf for 

𝑋ଵ:௠:௡,௞
(ோభ,ோమ,…,ோ೘)

, … , 𝑋௠:௠:௡,௞
(ோభ,ோమ,…,ோ೘)is defined as follows: 

𝑓௑భ:೘:೙,…,௑೘:೘:೙
(𝑥ଵ, … , 𝑥௠ିଵ, 𝑥௠) = 𝐾(௡,௠ିଵ)𝑘௠ ෑ 𝑓(𝑥௜)[𝐹ത(𝑥௜)]௞ோ೔ା௞ିଵ ,

௠

௜ୀଵ

 

0 < 𝑥ଵ < 𝑥ଶ < 𝑥ଷ < ⋯ < 𝑥௠ିଵ < 𝑥௠ < ∞,                                          (1.1) 
where, 
𝐾(௡,௠ିଵ) = 𝑛(𝑛 − 𝑅ଵ − 1)(𝑛 − 𝑅ଵ − 𝑅ଶ − 2) … (𝑛 − 𝑅ଵ − 𝑅ଶ − 𝑅ଷ … − 𝑅௠ିଵ − 𝑚 + 1). 
     Aggarwala and Balakrishnan [2] derived RR for single and product moments of 
PTIIRCOS from exponential distribution. Mohie El-Din et al. [7,8,9,10,11] derived 
RR of moments of the extended power Lindley, generalized Pareto, Gompertz, linear 
failure rate and Marshall-Olkin extended Burr XII distributions based on general 
PTIIRCOS and characterization. Sadek et al. [12] derived characterization for 
generalized power function distribution using RR based on general PTIIRCOS. 
Marwa Mohie El-Din and Sharawy [5,6] derived RR for the extension of exponential 
and generalized exponential distributions based on general PTIIRCOS. Kotb et al. [4] 
derived E-Bayesian estimation for Kumaraswamy distribution using PFFC. Abu-
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Moussa et al. [1] derived estimation of reliability functions for the extended Rayleigh 
distribution under PFFC. 
      Throughout this paper, we introduce RR of MGF based on PFFC. Also 
characterization for exponential distribution using RR of MGF based on PFFC, are 
obtained. 
We introduce the RR of MGF for GPD based on PFFC. 
The pdf is 

𝑓(𝑥, 𝜃, 𝛼, 𝜎) =
1

𝜎
ቂ1 −

𝛼

𝜎
(𝑥 − 𝜇)ቃ

ቀ
ଵ
ఈ

ିଵቁ

        𝜎 > 0 , 𝜇, 𝛼 ∈ 𝑅.     
 

 (1.2) 

The corresponding cumulative distribution function (cdf) is given by 

𝐹(𝑥, 𝜃, 𝛼, 𝜎) = 1 − ቂ1 −
𝛼

𝜎
(𝑥 − 𝜇)ቃ

ቀ
ଵ
ఈቁ

                                                    (1.3) 

For 𝛼 ≤ 0 we have 𝜇 ≤ 𝑥 < ∞ and for 𝛼 > 0 we have 𝜇 ≤ 𝑥 < 𝜇 +
ఙ

 ఈ
. 

It may be noticed that from (1.2) and (1.3) the relation between pdf and cdf is given 
by, 

[𝜎 + 𝛼𝜇 − 𝛼𝑥]𝑓(𝑥) = 1 − 𝐹(𝑥)                                                            (1.4) 
The single MGF of the PFFC in view of (1.1) as     

𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

= 𝐸 ቂ𝑒௧௫೜𝑋௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

ቃ = 

              𝐾(௡,௠ିଵ) ඵ. . . න 𝑒௧௫೜𝑘௠𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ ×
଴ழ௫భழ⋯ழ௫೘ழஶ

 

                             𝑓(𝑥ଶ)[𝐹ത(𝑥ଶ)]௞ோమା௞ିଵ … 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௠,            (1.5) 
and product MGF  

𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

= 𝐾(௡,௠ିଵ) ඵ. . . න 𝑒(௧భ௫೜ା௧మ௫ೞ)𝑘௠ ×
଴ழ௫భழ⋯ழ௫೘ழஶ

 

                   𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ  … 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௠.              (1.6) 
  

2. Recurrence Relations  

In this section, we introduce the RR for single and product MGF based on PFFC.       

In the next theorem we introduce RR for single MGF based on PFFC.   

𝐓𝐡𝐞𝐨𝐫𝐞𝐦  𝟐. 𝟏 

For 2 ≤ q ≤ 𝑚 − 1, 𝑚 ≤ 𝑛, then 

(𝛼𝑡)𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − 𝑘൫𝑅௤ + 1൯൧𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

 

 +൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜షభା௞ோ೜ାଶ௞ିଵ,௞ோ೜శభା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
 

− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோ೜శభାଶ௞ିଵ,௞ோ೜శమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
. (2.1) 
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Proof 
From (1.4) and (1.5), we get 

(𝜎 + 𝛼𝜇)𝑀௤:௠:௡
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

− 𝛼𝑀௤:௠:௡
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ)

= 

𝐾(௡,௠ିଵ) ඵ … න 𝐴ଵ൫𝑥௤ିଵ, 𝑥௤ାଵ൯𝑘௠

଴ழ௫భழ⋯ழ௫೜షభழ௫೜శభழ⋯ழ௫೘ழஶ

 

𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ … 𝑓൫𝑥௤ିଵ൯ൣ𝐹ത൫𝑥௤ିଵ൯൧
௞ோ೜షభା௞ିଵ

𝑓൫𝑥௤ାଵ൯ × 

ൣ𝐹ത൫𝑥௤ାଵ൯൧
௞ோ೜శభା௞ିଵ

… 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௤ିଵ𝑑𝑥௤ାଵ … 𝑑𝑥௠, (2.2) 
where 

𝐴ଵ൫𝑥௤ିଵ, 𝑥௤ାଵ൯ = න 𝑒௧௫೜

௫೜శభ

௫೜షభ

ൣ𝐹ത൫𝑥௤൯൧
௞ோ೜ା௞

 𝑑𝑥௤ .                              (2.3) 

Upon integrating the integral in (2.3) by parts, we get 

𝐴ଵ൫𝑥௤ିଵ, 𝑥௤ାଵ൯ =
𝑒௧௫೜శభൣ𝐹ത൫𝑥௤ାଵ൯൧

௞ோ೜ା௞
− 𝑒௧௫೜షభൣ𝐹ത൫𝑥௤ିଵ൯൧

௞ோ೜ା௞

𝑡
  

+ ൬
𝑘𝑅௤ + 𝑘

𝑡
൰ න 𝑒௧௫೜𝑓൫𝑥௤൯ൣ𝐹ത൫𝑥௤൯൧

௞ோ೜ା௞ିଵ
 𝑑𝑥௤

௫೜శభ

௫೜షభ

.                     (2.4) 

Substituting by Eq. (2.4) in Eq. (2.2) and simplifying, yields Eq. (2.1).  
This completes the proof. 
Special cases 
1- Theorem 2.1 will be valid for the PTIIRCOS when 𝑘 = 1,   

𝛼𝑡𝑀௤:௠:௡
(ோభ,ோమ,…,ோ೘)(భ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − ൫𝑅௤ + 1൯൧𝑀௤:௠:௡
(ோభ,ோమ,…,ோ೘)

             

+൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ:௠ିଵ:௡

൫ோభ,ோమ,…,ோ೜షమ,(ோ೜షభାோ೜ାଵ),ோ೜శభ,…,ோ೘൯
 

− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤:௠ିଵ:௡

൫ோభ,ோమ,…,ோ೜షభ,(ோ೜ାோ೜శభାଵ),ோ೜శమ,…,ோ೘൯
.  

   2- For  𝑟 = 0  𝑎𝑛𝑑  𝑞 = 𝑚     

𝛼𝑡𝑀௠:௠:௡
(ோభ,ோమ,…,ோ೘)(భ)

= [(𝜎 + 𝛼𝜇)(𝑡) − (𝑅௠ + 1)]𝑀௠:௠:௡
(ோభ,ோమ,…,ோ೘)

             

 +(𝑛 − 𝑅ଵ − ⋯ − 𝑅௠ିଵ − 𝑚 + 1)𝑀௠ିଵ:௠ିଵ:௡
(ோభ,ோమ,…,ோ೘షమ,(ோ೘షభାோ೘ାଵ))

.                     
   3- For 𝑟 = 0, 𝑚 = 1, 𝑛 = 1  and  𝑅ଵ = ⋯ = 𝑅௠ = 0,  

𝛼𝑡𝑀(ଵ) = [(𝜎 + 𝛼𝜇)(𝑡) − 1]𝑀 + 𝑒௧ఓ, 
and when 𝑡 = 0 we obtained the expected value 𝐸[𝑋] =

ఙାఈఓାఓ

ଵାఈ
.  

4- From 3 we obtained the second moment, 

𝐸[𝑋ଶ] =
2𝛿ଶ + 4𝛿𝜇𝛼 + 2𝛿𝜇 + 2𝜇ଶ𝛼ଶ + 2𝜇ଶ𝛼 + 𝜇ଶ

1 + 3𝛼 + 2𝛼ଶ
. 

5- From 3 and 4, we obtained the variance  

𝑉𝑎𝑟(𝑥) =
𝛿ଶ

(1 + 2𝛼)(1 + 𝛼)ଶ
. 

In the next two theorems, we introduce RR for product continuous function based on 
PFFC.  
Theorem 2.2  
for 1 ≤ 𝑞 < 𝑠 ≤ 𝑚 − 1,  𝑚 ≤ 𝑛, then 

(𝛼𝑡)𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ,బ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − 𝑘൫𝑅௤ + 1൯൧𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

 

+൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ,௦ିଵ:௠ିଵ:௡,௞

൫(௞ோభା௞ିଵ,…,௞ோ೜షభା௞ோ೜ାଶ௞ିଵ,௞ோ೜శభା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
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− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤,௦ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோ೜శభାଶ௞ିଵ,௞ோ೜శమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
.      (2.5) 

  Proof  
Similarly as proved in Theorem 2.1. 

           
𝐓𝐡𝐞𝐨𝐫𝐞𝐦  𝟐. 𝟑 
For 1 ≤ 𝑞 < 𝑠 ≤ 𝑚 − 1 , 𝑚 ≤ 𝑛, then  

[𝛼𝑡]𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(బ,భ)

= [(𝜎 + 𝛼𝜇)(𝑡) − 𝑘(𝑅௦ + 1)]𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

  

+(𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ିଵ − 𝑠 + 1)𝑀௤,௦ିଵ:௠ିଵ:௡,௞
(௞ோభା௞ିଵ,…,௞ோೞషభା௞ோೞାଶ௞ିଵ,௞ோೞశభା௞ିଵ,…,௞ோ೘ା௞ିଵ) 

− (𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ − 𝑠)𝑀௤,௦:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோೞశభାଶ௞ିଵ,௞ோೞశమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
. (2.6) 

Proof 
Similarly as proved in Theorem 2.1. 
Special case 
For 𝑘 = 1, we obtain the recurrence relation of PTIIRCOS. 

(𝛼𝑡)𝑀௤,௦:௠:௡
(ோభ,ோమ,…,ோ೘)(బ,భ)

= [(𝜎 + 𝛼𝜇)(𝑡) − (𝑅௦ + 1)]𝑀௤,௦:௠:௡
(ோభ,ோమ,…,ோ೘)

             

 +(𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ିଵ − 𝑠 + 1)𝑀௤ିଵ,௦ିଵ:௠ିଵ:௡
(ோభ,ோమ,…,ோೞషమ,(ோೞషభାோೞାଵ),ோೞశభ,…,ோ೘)

            

− (𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ − 𝑠)𝑀௤,௦:௠ିଵ:௡
(ோభ,ோమ,…,ோೞషభ,(ோೞାோೞశభାଵ),ோೞశమ,…,ோ೘)

 ,   

and for 𝑠 = 𝑚  

[𝛼𝑡]𝑀௤,௦:௠:௡
(ோభ,ோమ,…,ோ೘)(భ,బ)

= [(𝜎 + 𝛼𝜇)(𝑡) − (𝑅௠ + 1)]𝑀௤,௦:௠:௡
(ோభ,ோమ,…,ோ೘)

             

 +(𝑛 − 𝑅ଵ − ⋯ − 𝑅௠ିଵ − 𝑚 + 1)𝑀௤ିଵ,௦ିଵ:௠ିଵ:௡
(ோభ,ோమ,…,ோ೘షమ,(ோ೘షభାோ೘ାଵ))

 .                   

3. The Characterizations  

In this section, we introduce the characterization of the GPD using the relation 
between pdf and cdf and using RR for single and product MGF based on PFFC. 
3.1 Characterization via differential equation for the GPD 
In the next theorem, we introduce the characterization of the GPD using relation 
between pdf and cdf.  
Theorem 3.1  
Let 𝑋 be a continuous random variable with pdf 𝑓(∙), cdf 𝐹(∙)  and survival 
function [𝐹ത(∙)]. Then 𝑋 has GPD iff 

 [𝐹ത(𝑥)] = [𝜎 + 𝛼𝜇 − 𝛼𝑥]𝑓(𝑥)                                                             (3.1) 
Proof   
Necessity: 
From Eq. (1.2) and Eq. (1.3) we can easily obtain Eq. (3.1). 
Sufficiency:  
Suppose that Eq. (3.1) is true. Then we have: 
−𝑑[𝐹ത(𝑥)]

𝐹ത(𝑥)
=

1

𝜎 + 𝛼𝜇 − 𝛼𝑥
𝑑𝑥.       

By integrating, we get 

ln|𝐹ത(𝑥)| =
1

𝛼
ln|𝜎 + 𝛼𝜇 − 𝛼𝑥| + 𝐶,                                                   (3.2) 

where C is an arbitrary constant. 
Now, since  [𝐹ത(𝜇)] = 1, then putting 𝑥 = 𝜇 in (3.2), we get 𝐶 =

ିଵ

ఈ
ln|𝜎|    . 

Therefore,  

ln|[𝐹ത(𝑥)]| =
1

𝛼
ln ฬ

𝜎 + 𝛼𝜇 − 𝛼𝑥

𝜎
ฬ, 
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hence,  

 𝐹(𝑥) = 1 − ൤
𝜎 + 𝛼𝜇 − 𝛼𝑥

𝜎
൨

ଵ
ఈ

.   

That is the distribution function of GPD.  
This completes the proof. 
3.2 Characterization via RR for MGF 
In the next theorem, we will introduce the characterization of the GPD using RR for 
single MGF based on RFFC. 
𝐓𝐡𝐞𝐨𝐫𝐞𝐦  𝟑. 𝟐 

has  𝑋Then  𝑛be the order stasistics of a random sample of size  n:nX …  1:nXLet 
GPD iff, for 2 ≤ 𝑞 ≤ 𝑚 − 1, 𝑚 ≤ 𝑛  and  𝑖 ≥ 0,  

(𝛼𝑡)𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − 𝑘൫𝑅௤ + 1൯൧𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ) 

 +൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜షభା௞ோ೜ାଶ௞ିଵ,௞ோ೜శభା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
 

− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோ೜శభାଶ௞ିଵ,௞ோ೜శమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
.      (3.3) 

  Proof 
Necessity: 

Theorem  2.1 proved the necessary part of this theorem.   
Sufficiency: 
Assuming that (3.3) holds, then we have: 

(𝛼𝑡)𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − 𝑘൫𝑅௤ + 1൯൧𝑀௤:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ) 

 +൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜షభା௞ோ೜ାଶ௞ିଵ,௞ோ೜శభା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
 

− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோ೜శభାଶ௞ିଵ,௞ோ೜శమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
. (3.4) 

where,  

𝜇௤:௠:௡
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

= 

𝐾(௡,௠ିଵ) ඵ … න 𝐴ଶ൫𝑥௤ିଵ, 𝑥௤ାଵ൯𝑘௠

଴ழ௫భழ⋯ழ௫೜షభழ௫೜శభழ⋯ழ௫೘ழஶ

 

𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ … 𝑓൫𝑥௤ିଵ൯ൣ𝐹ത൫𝑥௤ିଵ൯൧
௞ோ೜షభା௞ିଵ

𝑓൫𝑥௤ାଵ൯ൣ𝐹ത൫𝑥௤ାଵ൯൧
௞ோ೜శభା௞ିଵ

× 
… 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௤ିଵ𝑑𝑥௤ାଵ … 𝑑𝑥௠,    (3.5) 

where 

𝐴ଶ൫𝑥௤ିଵ, 𝑥௤ାଵ൯ = න 𝑒௧௫೜

௫೜శభ

௫೜షభ

ൣ1 − 𝐹൫𝑥௤൯൧
௞ோ೜ା௞

 𝑑𝑥௤ .                              (3.6) 

Upon integrating the integral in (3.6) by parts, we get 

𝐴ଶ൫𝑥௤ିଵ, 𝑥௤ାଵ൯ =
𝑒௧௫೜శభൣ𝐹ത൫𝑥௤ାଵ൯൧

௞ோ೜ା௞
− 𝑒௧௫೜షభൣ𝐹ത൫𝑥௤ିଵ൯൧

௞ோ೜ା௞

𝑡
  

+ ൬
𝑘𝑅௤ + 𝑘

𝑡
൰ න 𝑒௧௫೜𝑓൫𝑥௤൯ൣ𝐹ത൫𝑥௤൯൧

௞ோ೜ା௞ିଵ
 𝑑𝑥௤

௫೜శభ

௫೜షభ

.  (3.7) 

Substituting in (3.5), we get 

𝐾(௡,௠ିଵ) ඵ … න 𝑒௧௫೜

଴ழ௫భழ⋯ழ௫೜షభழ௫೜శభழ⋯ழ௫೘ழஶ

(𝜎 + 𝛼𝜇 − 𝛼𝑥௤) × 

𝑘௠𝑓൫𝑥௤ିଵ൯ൣ𝐹ത൫𝑥௤൯൧
௞ோ೜ା௞ିଵ

𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ … × 
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𝑓൫𝑥௤ିଵ൯ൣ𝐹ത൫𝑥௤ିଵ൯൧
௞ோ೜షభା௞ିଵ

𝑓൫𝑥௤ାଵ൯ൣ𝐹ത൫𝑥௤ାଵ൯൧
௞ோ೜శభା௞ିଵ

× 
       … 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௤ିଵ𝑑𝑥௤ାଵ … 𝑑𝑥௠ = 

𝐾(௡,௠ିଵ) ඵ … න 𝑒௧௫೜

଴ழ௫భழ⋯ழ௫೜షభழ௫೜శభழ⋯ழ௫೘ழஶ

× 

𝑘௠ൣ𝐹ത൫𝑥௤൯൧
௞ோ೜ା௞

𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ … 𝑓൫𝑥௤ିଵ൯ × 

ൣ𝐹ത൫𝑥௤ିଵ൯൧
௞ோ೜షభା௞ିଵ

𝑓൫𝑥௤ାଵ൯ൣ𝐹ത൫𝑥௤ାଵ൯൧
௞ோ೜శభା௞ିଵ

… 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ 
𝑑𝑥ଵ … 𝑑𝑥௤ିଵ𝑑𝑥௤ାଵ … 𝑑𝑥௠. 

We get 

𝐾(௡,௠ିଵ) ඵ … න 𝑒௧௫೜𝑘௠

଴ழ௫భழ⋯ழ௫೜షభழ௫೜శభழ⋯ழ௫೘ழஶ

× 

ൣ𝐹ത൫𝑥௤൯൧
ோ೜

ቂ(𝜎 + 𝛼𝜃 − 𝛼𝑥௤)𝑓൫𝑥௤൯ − ൣ𝐹ത൫𝑥௤൯൧ቃ 𝑓(𝑥ଵ)[𝐹ത(𝑥ଵ)]௞ோభା௞ିଵ × 

… 𝑓൫𝑥௤ିଵ൯ൣ𝐹ത൫𝑥௤ିଵ൯൧
௞ோ೜షభା௞ିଵ

𝑓൫𝑥௤ାଵ൯ൣ𝐹ത൫𝑥௤ାଵ൯൧
௞ோ೜శభା௞ିଵ

 
 … 𝑓(𝑥௠)[𝐹ത(𝑥௠)]௞ோ೘ା௞ିଵ𝑑𝑥ଵ … 𝑑𝑥௤ିଵ𝑑𝑥௤ାଵ … 𝑑𝑥௠ = 0.                 (3.8) 

Using Müntz-Szasz theorem, [See, Hwang and Lin [3]], we get 
(𝜎 + 𝛼𝜇 − 𝛼𝑥௤)𝑓൫𝑥௤൯ = ൣ𝐹ത൫𝑥௤൯൧.                                                         

Using Theorem 3.1, we get 

𝐹(𝑥) = 1 − ቂ1 −
𝛼

𝜎
(𝑥 − 𝜇)ቃ

ቀ
ଵ
ఈቁ

.                                                                          

That is the distribution function of GPD.  
This completes the proof.  
In the next two theorems, we will introduce the characterization of the GPD using RR 
for product MGF based on PFFC. 
𝐓𝐡𝐞𝐨𝐫𝐞𝐦  𝟑. 𝟑 

Then . 𝑛be the order stasistics of a random sample of size  n:nX …  r+2:nX  1:nX Let 
X has GPD iff, for 1 ≤ 𝑞 < 𝑠 ≤ 𝑚 − 1,   𝑚 ≤ 𝑛,  

(𝛼𝑡)𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(భ,బ)

= ൣ(𝜎 + 𝛼𝜇)(𝑡) − 𝑘൫𝑅௤ + 1൯൧𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ) 

+൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ିଵ − 𝑞 + 1൯𝑀௤ିଵ,௦ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜షభା௞ோ೜ାଶ௞ିଵ,௞ோ೜శభା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
 

− ൫𝑛 − 𝑅ଵ − ⋯ − 𝑅௤ − 𝑞൯𝑀௤,௦ିଵ:௠ିଵ:௡,௞

൫௞ோభା௞ିଵ,…,௞ோ೜ା௞ோ೜శభାଶ௞ିଵ,௞ோ೜శమା௞ିଵ,…,௞ோ೘ା௞ିଵ൯
.        

  Proof  
Similarly as proved in Theorem 3.2. 
𝐓𝐡𝐞𝐨𝐫𝐞𝐦  𝟑. 𝟒 

has  𝑋Then 𝑛. be the order stasistics of a random sample of size  n:nX …  1:nXLet  
GPD iff, for 1 ≤ 𝑞 < 𝑠 ≤ 𝑚 − 1 , 𝑚 ≤ 𝑛, 

(𝛼𝑡)𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)(బ,భ)

= [(𝜎 + 𝛼𝜇)(𝑡) − 𝑘(𝑅௦ + 1)]𝑀௤,௦:௠:௡,௞
(௞ோభା௞ିଵ,…,௞ோ೘ା௞ିଵ)

  

+(𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ିଵ − 𝑠 + 1)𝑀௤,௦ିଵ:௠ିଵ:௡,௞
(௞ோభା௞ିଵ,…,௞ோೞషభା௞ோೞାଶ௞ିଵ,௞ோೞశభା௞ିଵ,…,௞ோ೘ା௞ିଵ) 

− (𝑛 − 𝑅ଵ − ⋯ − 𝑅௦ − 𝑠)𝑀௤,௦:௠ିଵ:௡,௞
(௞ோభା௞ିଵ,…,௞ோೞା௞ோೞశభାଶ௞ିଵ,௞ோೞశమା௞ିଵ,…,௞ோ೘ା௞ିଵ)

.  
Proof 
Similarly as proved in Theorem 3.2.                       
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