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ABSTRACT

Value at Risk (VaR) is a key risk management metric used to quantify potential losses in financial
portfolios over a specified time horizon under normal market conditions. Traditional methods for
estimating VaR, such as historical simulation and parametric approaches, can be limited by their
reliance on strong assumptions about the underlying return distributions and their inability to accurately
capture the behavior of extreme market events. In this paper, we introduce the Gradient Monte Carlo
(GMC) and Langevin MC methods as robust alternatives for VaR estimation. By leveraging the
principles of MC simulation combined with gradient-based optimization techniques, GMC efficiently
approximates the distribution of portfolio returns, enabling accurate and reliable estimation of VaR
while LMC provides a rigorous theoretical framework for the application of GMC and LMC in risk
assessment and demonstrate their advantages over conventional methods through extensive empirical
validation. Our results indicate that GMC and LMC not only enhance computational efficiency but also
improve the accuracy of VaR and CVaR estimates, particularly in tail regions where conventional
approaches may fail.
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1. Introduction
Financial risk management is the process of identifying and assessing potential risks
that may impact a bank’s overall financial ability. In cases where potential risks are identified,
professionals assess whether they have to accept or mitigate the risks. The risks can be
qualitative or quantitative. For analyzing qualitative risks, professional judgment is required,
whereas, for quantitative risks, the analysis is based on numerical or historical data. Finance
managers will use available financial tools to ensure the business is safe from any risks or, in
financial terms, to hedge the business against them. The main goals of financial risk
management include minimizing financial losses, maintaining financial stability, and ensuring
compliance with relevant regulations, see Trindade et al. (2017). VaR and CVaR are both risk
measures used in banking risk management to quantify the potential loss in value of a portfolio
over a defined period. While VaR provides an estimate of potential losses up to a certain period,
the CVaR offers a more comprehensive view by accounting for the expected losses beyond the
VaR threshold. Let L be the loss of portfolio with distribution function F = F. Considering
the confidence levell — a, the VaR measure Va is defined as percentile F, i.e.,
F(vg) =1—-«
The truncated distribution of L given event [L > Valis given by
PL<IL>w,)=1 —1—1:(1),

The expectation of this truncated distribution is given by CVaR. i.e., Ca, given by

> v,.

Cq = Vy +EE(L — Vg) s

where @+ = max (x,0), see Hong and Liu (2021). Based on these formulas, Hong and Liu
(2021) using MC simulation and Sun and Hong (2019) using importance sampling based MC
estimated Ca and studied the related asymptotic distribution of estimates. Bardou et al. (2020)
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computed VaR and CVaR using stochastic approximation and stochastic gradient algorithm.
They mention that this method produces estimates which are more close to actual VaR and
CVaR with respect to traditional methods such as the inversion of distribution function and
quantile estimation. By adapting the Bayesian learning setting, Barbu and Zhu (2025) studied
the Hamiltonian and Langevin MC methods as optimization algorithms to estimate Va and Ca.
They also provide a comprehensive review on these types of MC method while Baker et al.
(2019) gives rich R software package SIMCMC to apply these methods.

In the current paper, we extend their work. Let ¢(¥) be the CVaR allocated to VaR v,
then

cw)=E(|IL>v)=v+E(L—-v|L—-v>0).

For every real number a, then

__a+t|a|
+ = T’
thus,
_ E(L-v); E((L-v)+|L-v|)
cw)=v+ P(L>v) L 2P(L>V)

Using the Knight identity, see Maanan et al. (2025), i.e.,
=yl — |x] = —y{I(x > 0) — I(x < 0)} — [Z(2U(x < 5) — 1)ds,
which holds for x # 0, where ! (4) stands for the indicator function of event 4, it is seen that
E((L-v)+(L-v)+2 [} I(L<s)ds)
cv)=v+ =
2P(L>v)

E((L-v)+ [y 1L=s)ds))
P(L>v) -

E(L)-v+[, P(L<s)ds)
P(L>v)

Notice that
v [ee]
Jo PL < s)ds) —v =~ ["P(L>s)ds,

since L is a positive variable, then

and

E(L) = [, P(L > s)ds.
Let
G(s) =P(L>5s)
be the survive function related to L, then
_ f:o G(s)ds
cv)=v+ 65
By taking derivative from both sides, it is seen that
, _ —G1(v) f;o G(s)ds
€ (U) T Gw) = G(v)
where ¢’ is derivative of ¢ with respect to v. Then, the following differential equation is derived
for C(V), ie.,

') = 2(w)(c(w) —v),
where

-G
M) =222

is the hazard function.

Remark 1. Using integration by parts, an alternative formula is given by
[ sdG(s)

v
G(v)
Some examples. Here, some examples with closed form CVaR are given.

c(w) =—
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Example 1. When L has exponential distribution with hazard parameter A, and
G(s)=ets>0
it is seen that
Aw) =4 (constant),

Vg =—A log(a)’
and
Example 2. When L has Pareto c(v) =v + A, distribution with shape and scale
positive parametgrs ab | c(vg) = A(1 — log(a)). respectively, with
G(s) = @),
then

Vg = ba™1/%
cw)=v+ ﬁ (max(v, b))1™¢,

c(it) = (1 + v“i_a).

a-1
Example 3. For special case, when L has Weibull distribution with shape parameter 2 and scale
parameter a > 0, then

G(s) = e_(E)Z,

then
S\2
©_1 -G
[ 6@ds by e @ 45 1-nwoa)
Gv) 1 e—(%)2 T onw0a) ’
V2ma

where N(,0,a), and n(, 0, @) are cumulative distribution and density functions of a normal
distribution with zero mean and standard deviation a > 0.

In the next section, recursive estimates of VaR and CVaR are proposed. Limiting
distributions and variance reduction results are also proposed in section 2. Section 2 also studies
the Langevin MC method and also studies the translated gamma approximation.

Sensitivity analysis as well as randomized step size issues are proposed in
section 3.

2 Recursive relations

To find recursive relations, let
Cn = C(Vn),/ln = A(vy)
and
8Cny1 = Cny1 — Cn,
Then, the discrete recursive relation for Cn is given by
6Cnt1 = An(Cn — n) 041
Here, recursive estimation for VaR n is proposed. Notice that G (v) = @ and

f;o G(s)ds
c(Wy) = v, + "T =

{f;; I(L>s)ds+ava}

a
Following Bardou et a/. (2020), it is enough to minimize the

E{[;"1(L > s)ds + av,},

with respect to Va. Using the stochastic gradient method, the following recursive estimate of Un
is obtained:
Vps1 = —Vull(Lpn < v) — aj,
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where ¥n is a sequence of positive real numbers such that
0 0 1
Yn=1¥n = @ and Y7°4 Vr% < o (say, Yp = ;)

The following proposition summarizes the above discussion and the proof is omitted.
Proposition 1. Let A(V) be the hazard function allocated to loss variable L, computed at value
at risk v, then (a)-(c) are correct.

(a) The conditional value at risk ¢(V) satisfies the following differential equation as
c'(v) = A(w)(c(v) —v).
(b) The discrete format of ¢(V) is given by
8cni1 = An(Cn — Vn)6Vn41.
(c) The recursive estimates of VaR is given by
Vns1 = —VYall(Ln < ) — a}.
Remark 2. One can notice that using the Hong and Liu (2021) percentile estimator and the
Bardou et al. (2020) method, the same recursive for Vn is derived. To this end, first, notice that
the criteria
Flvy)) =1—«a
of Hong and Liu (2021) implies that
E{H(Ly;vn)} =0,
where
H(Lp;vp) = 1(Ly S ) — a
Second, notice that function H1 of Bardou ez al. (2020) is a function of
H(Lyp; vy).
Remark 3. Following Hong and Liu (2021), the estimation of Va is the minimizer of
v 4 Zaisv-a) _
n(l-o)
=y + a®-e
1-a
2.1 Asymptotic results

Here, asymptotic results are proposed. Results are compared with asymptotic behaviors

quantile estimations.

VaR asymptotic. Let
Zng1 = I(lpyrs <) — .
The mean and variance of Zn are zero and @(1— @), respectively. By solving the
recursive relation of Vn, it is seen that
Un = Vg — Zﬁ;% YiZk.

Using the central limit theorem, it is seen that
Un—Va

n=1.,2
f k=1Yk

converges in distribution (denoted by —¢) to

Ja(l—a)N(0,1)
distribution.

Remark 4. Let Un be the quantile estimation of VaR, then using the Bahadur representation, see
Trindade ef al. (2017), it is seen that

~ 1
Un = Vg — Zﬁ:l{l(Ln o Ua) - a} + Oa.s(an)r
f(a)

where

log ()5 0.
n (__Z__)075

and () is the density of L. Here,
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Ay = Ogs(an),
if An/an is bounded with probability of one. Following Hong and Liu (2021), then
V(B — 1) > 22N (0,0).
Consistencies of Vn and ¥n are obvious. The raltio of rate of convergence of Vn and ¥n to Ve is

/nZ}};} V;%.
VIWe).

CVaR asymptotic. As n — oo, then Vn % Va with the rate of convergence of

The ratio of variances of Vn and Vn is

n-1.,,2
k=1"Yk

TH

This result is true onr Cn, that is Cn —#F Ca, IA\Iotation —P stands for convergence in
probability. Remark 5. Let tn be the CVaR related to Vn. Following Hong and Liu (2021), then
\/ﬁ(én - Ca) -4 19N(0'1),

where
1
9= iy var(L —vg)+
Notation —¢ stands for convergence in distribution.
Continuous time asymptotic. Here, it is assumed that
k
Ye =Yin =7 (—)

n

>

for some function ¥ (). Then,
_ » 1
n=OS ¥Rz~ Ja(l - a) [ y(©)dB;

where Bt is the standard Brownian motion on [0,1]. Thus,

N5 (v, — 1) »¢ Ja(l - @) [, y(£)dB.
In the continuous time, it is seen that
{dvt = vudt +Ja(1 — @)y(t)dB,
dc; = A:(c; — Ap)dt.

Proposition 2. The scaled VaR
Un — Vg

VERZLVE
Ja(l—a)N(0,1)

and in the continuous time setting then

{dvt = vpdt ++Ja(l — a)y(t)dB;

dCt = At(ct - At)dt.

1s distributed as

2.2 Variance reduction

The importance sampling is an effective method among variance reduction methods
such as stratified sampling and control variable in estimating risk measures with rare event
aspects such as VaR and CVaR, see Trindade et al. (2017). To simulate loss L under another
distribution H defined on (0 °°), let

F(l
AW =13

be the likelihood ratio. It is easy to see that
F() = Ex{I(L < DAL},
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where En is the expectation under H distribution. Let %, ¢k be the VaR and CVaR using
importance sampling methods. The following proposition summarizes the results. Proposition
3. The recursive relations of v%, cf are proposing by replacing
I(L<))
with
I(L < DA(L)
in propositions 1 and 2.
2.3 Randomized Vn
Previously, it was seen that
Un = Vg — Xie=1YZp

where

Zy =1Ly S vg-1) — .
Here, Yn may be random variables. For example, Afollowing Bardou ef al. (2020), let

Yn = =

n )
k=14k

4, =log(Sy,) —log (Sn—l),
where Sn is the market value of portfolio computed at some time tn > 0. If
n
j=1% =1

where

then

VU = Vg — E(z, |24, ...,Zn))
where In is a random variable which gets values K = 1,..,n with probabilities Vk's,
respectively. Here, the MC estimate reduces to the bootstrap estimate of expectation.
Motivated by Sun and Hong (2019)b1et Yn's be random variables. For example let

Yn = P U

where Un's are independent all come from standard uniform U(0,1) distribution. Then,

Ty =% U
Notation —%5- stands for almost sure convergence.
2.4 Sensitivity analysis
The Va is the minimizing point of € (V). That is

¢'(vg) = 0,
Equivalently,

c(ve) = Va.
That is Va is the root of

DWw)=clw)—v

Thus, Un satisfies the Newton-Raphson iterative scheme, i. e.,

D(vy) _ c(vp) — vy

V. =V, ——=1, ———
T D) T Tt () — 1
One can see that

1 1
—=1,— .
Un+1 — Un Cn = Un
As 4n gets large, then the rate of convergence of Vn+1 — Vn to zero is more.

3.0ther types of MC

In this section, other types of MC simulations are proposed.
3.1 Langevin MC

Using the Langevin MC method, similar recursive relations for VaR is obtainable.
Notice that
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_ fva(S)dS
cv)=v+ D

vrn  —Giw) _ [ G(s)ds
¢ (U) ) A G(w)

Then, the Langevin MC implies that
dv = —@c'(v)dt + V2dB,,
where @ is the time step factor and Bt is the standard Brownian motion on [0,1]. The discrete
samples are taken by
SVpy1 = —c'(vy) + \/EZTH-I’
where Zn+1 is a sequence of 8ndependent samples from standard normal distribution.
3.2 Translated gamma
The translated gamma approximation (see Kaas ez al., 2020), approximate G(s) by a

survival function of a shifted gamma distributed random variable

Z + Zo, wherez o is a constant and Z has gamma distribution with shape and scale parameters
¥1,92, respectively. The idea is to approximate distribution of L with Z + Zo by matching the
first three moments. According to the Kaas 4et al. (2023), it is seen that

v =—,9, = —,
! YLZ 2 YL0L
20},
Zy = Uy ——,
0 L VL

where ML, 0L and Y1 are mean, standard deviation and skew of loss L which are strictly positive
and estimated using Monte Carlo simulation. Thus,
G(s) =P(Z > s —z),

and
fv G(s)ds = fU_ZO P(Z > s)ds =
o ” 2s
= fv—zo P (Z > 19—2) ds,
where
g 22
=5

has chi-squared distribution with 291 degrees of freedom. Thus, the above integral equals to
= P(Z" > s)ds.
2 =

Beside this,
G(s) = P(z" > 22
2 =

Notice that G (V) = @, Therefore,

Pz >t = q

Thus,

Here, £ 22191,06 i8i(1 = a)-th quantile of chi-squared distribution with 291 degrees of freedom.
Remark 6. Notice that
™ =17/9,
has the gamma distribution with shape parameter ¥1/92 and scale parameter 1. That is,
G(S) = 9y fozo P(Z** > s)ds,

92

When Y1/92 is close to natural number m, then
P(Z™ >s) = P(Ns <m),
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where Ns has Poisson distribution with rate s. Therefore,
J,” G(s)ds =9, fr—zo P(N5 < m)ds,
92

G(v) =P (Z** > ";—?) =P (Nm < m).
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