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Fixed Points for Fitted Lines
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ABSTRACT

For many fitting methods for lines in the plane, each observation possesses an associated point in the plane,
or at infinity for particular observations. These associated points are called “fixed points,” because properly
chosen replacement points for the originally selected observation create other fitted lines that contain the
same fixed point. Simple linear regression and orthogonal least-squares regression are investigated as
examples. The phenomenon has been previously noted for simple regression, where the properly selected
replacement points are related to regression diagnostics and the determination of outliers. Orthogonal
regression lines are fundamental to principal component analysis. Mechanical devices for simple linear
regression and for orthogonal regression are presented. The devices show the dependence of the fitted lines,
which contain the fixed point, on the new replacement points.
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1. Introduction

Consider the set of n — 1 paired observations
S(n_l):{(xi,yl-) = 1, 2,...,7’1— 1} (1)
with n > 3. Subscripts in parentheses, such as n — 1 in equation (1), indicate sample size. A fitted
line to S, 1) 18
Lin-1): Y = ¥n-1) + b1y (x — X(n—1))- ()
The criteria for the fit are left unspecified in this and the next section to allow more general
considerations at the outset. Specific fitting criteria are introduced in Sections 3 and 4. It is assumed
that all fitted lines contain the points of means for the respective sets, because the fitting methods
that are addressed have that property, as they are based upon least-squares. For S;,_1, the point of
means is
Men-1y: (X1 Fn-1))-
The set S¢,_1) is foundational and unchanging.
An n'" observation

R: (xn, yn) ©)
is introduced, yielding the new set, point of means, and fitted line

S(n)(xnl y)i{(x,y) i =1,2,..,n},
M(n) (xn: yn): (f(n); }_’(n))-
and
L(n)(xn' yn): y = )_’(n) + b(n)(xnl yn)(x - JE(n))' (4)
where the same criteria as is used for L,_qy is used for the fit of L) (xpn, y). In the set
Sn)(Xn, ¥n), the point of means M) (xp, yp,), the line L) (xn, ), and the slope beny (X, ¥n),
parenthetically identifying the coordinates of the n'™ observation helps to distinguish these
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quantities from the set S, (s, t), point of means M) (s, t), line Lny(s, t), and slope b, (s, t), in
which the artificial point T:(s,t) is used below as the n'™ point, instead of the observation
R: (xp, yn)-

If a set of n points had been obtained, then the observations can be ordered, so that the data
point of interest, perhaps for examining its influence on the slope of the line or its being an outlier,
is designated R and is in the n™ position.

Two fitting procedures for the lines are explored in detail. The topic of Section 3 is simple
linear regression, where the x-variable is without error and the sum of the squares of the
observations’ distances from the fitted line, which are measured parallel to the y-axis, is
minimized. Simple regression formulas with the distances measured parallel to the horizontal axis
can be obtained from that one with changes in the names of variables. The topic of Section 4 is
orthogonal least-squares fitting, i.e., orthogonal regression, where the distances are measured
perpendicular to the fitted line and the sum of their squares is minimized. Orthogonal regression
identifies the axis of the scatter ellipse, which is the main direction in principal component analysis
[6,7, 11].

Physical realizations in the form of mechanical devices are presented in Section 5. They
show how certain locations of the n'" observation produce fitted lines that contain a unique fixed
point that is associated with the data set’s n'® observation with respect to the underlying n — 1
observations. Concluding remarks are in Section 6.

2. Fixed points

In Lemma 1, the coordinates of the point P: (p, q), which is the intersection of the line L, 1)
in (2) and the line L) (xy, ¥,,) in (4) are found. It is shown below that P: (p, q) is the “fixed point”

that is mentioned in this paper’s title. Families of lines that contain point P is the topic that is
explored. See Figure 1, where the fixed point P is determined.
Lemma 1. The intersection of the line L(;_qy in (2) and the line L) (xp, ) in (4), which are

assumed to be distinct and non-parallel, is the point P with coordinates

(J/n - y(n—l)) - b(n)(xn'J’n)(xn - f(n—l))
n(b(n—l)_ by (an’n))

)

) = <f(n—1) +

— (Yn - Y- )_ b (an’n)(xn - X(n- )
Yn-1) + bmn-1) AL a2 ). (5)

n(b(n—l) - b(n)(an’n))
Proof. In (2) and (4), substitute p and q for x and y, respectively. Using the identities

_ _ 1 _ _ _ 1 _
Xm) = Xmn-1) + ;(xn — X(n-1)) and Yy = Ym-1) + ;(}’n — Vin-1))> (6)
obtain

4 — V-1 = bpn-1y(P = T(n-1y) (7
and

— 1 — _ 1 _
q — Yn-1) = ;(yn _y(n—l)) + b(n)(xn: yn) (p - X(n-1) — ;(xn - x(n—l)))-

Equating these expressions for ¢ — y,_1) gives

b(n—l)(p - JE(n—l)) = %(yn - y(n—l)) + b(n)(xn:yn) (p - f(n—l) - %(xn - JE(n—l)))'
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so that
(Yn - y(n—l)) - b(n)(an’n)(xn - f(n—l))

= Xm-1) + 8
P (n-1) n(b(n—l)_ b(n)(xn,J/n)) ( )
Substitution of (8) into equation (2) for L,_4) gives the second coordinate of P as
= = = (J’n - y(n—l)) - b(n)(xnrJ’n)(xn - f(n—l))
q= Ymn-1+ bmn-1 (p x(n—l)) = VYn-1) T ben-1) n(Prosy ~ by Cnyn) ) Q)
[

The special case of parallel lines having a common point at infinity is clear from the
denominators of (8) and (9), where the bg,—1) — by (X, yn) would be zero. This is further
addressed in Sections 3 and 4 for specific methods for fitting the lines.

Introduce the variable point

T: (s, t) (10)

and the set
S(n)(S: t) = Sn-1 U {T}. (11)
By inspection and by introducing the notation b, (s, t) for the slope, as in (4) but with the
coordinates of the data point R: (x,,, y,,) replaced by the coordinates of the moveable point T: (s, t),

there is Lemma 2, which contains the equation of the fitted line.
Lemma 2. The fitted line for the set (11) is

Loy (5,0 ¥ = Fn-ny = 3 (¢ = Fn-n) = by (5, D) (x e G f(n—l)))- (12)

The point of means for the set (11) is

My (s, 0): (f(n—l) + %(5 ~ n-1))s V-1 + %(t - 3_’(n—1))>’
which is on the line (12).

Lemma 3 says that the three points M(,,_1), T: (s, t), and M(;,)(s, t) are collinear, if they are
distinct. Designate that line by L(s, t). This collinearity creates a linkage that is a major component
in the influence that an observation has over a fitted line, as shown in Sections 3 and 4 and
illustrated by the mechanical devices that are described and presented in Section 5. As point T
traverses a curve, line L(s, t) rotates about the stationary point M(,,_4) as a hub, tracing the point
of means My, (s, t), which is on the fitted line L, (s, t).

Lemma 3. The point of means M,_1) of the set (1), the varying point T: (s, t) in (10), and the
point of means M, (s, t) of the set (11) are collinear, if they are distinct.

Proof. The slopes of the lines M(,,_1)T and My,)(s, t)T, which both contain the point T, are equal
to (t - )7(,1_1))/(5 — Jf(n_l)). If s =X@p_1) and t # Y1), then the line is vertical; if s #
X(n-1) and t = Y(,_1), then the line is horizontal; and, if s = X(,_1) and t = ¥,_1), then the three
points coincide. ]

Lemma 4. For minimum sum-of-squares fitting, the fitted line is not changed by introducing an
additional point that is on the fitted line for the original points.

Proof. The sum of the squared distances is not changed by the additional point, so the fit remains
the same. Any change to the fitted line would cause an increase in the sum of the original n —
1 points’ squared distances and also the addition of the squared distance to the additional point, so
the total of the squared distances would increase. ]
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Because of Lemma 4, it is assumed that the n™ observation is not on the fitted line for the
remaining observations, i.e., neither the observation R: (x,,Yy,) in (3) nor the varying point
T: (s,t) in (10) are on the line L1y in (2). Any n™point that is not on the line L—qy yields a
line other than L,_,), which can be seen because neither of the points of means of S¢, (xp, ¥,) or
Sy(s, t) is on line L1y, so those sets’ fitted lines are not L,_1).

Lemma 5. An equation for the coordinates s and t of a variable point T: (s, t), such that the fitted
line L) (s, t) in (12) for the set S¢,)(s, t) in (11) contains the point P: (p, q) in (5), is

(b(n)(s’ t) _b(n—l)) ((yn - y(n—l)) - b(n)(xn')’n)(xn - JE(n—l)))

— (b Xn Yn) — bn-1)) ((t — Jm-1)) = by (s, )(s — f(n—l))) = 0. (13)
Proof. The family of fitted lines in (12) for the set (11) that contains the point P: (p, q) gives
_ 1 _ _ 1 _
4= T = 26 = Ton) = b0 (p = oy = 265 = Tu)) (14

which is parameterized by s and t. Assume that the lines L,_1y and Ly (X, ¥,,) have different

slopes, so that they have a point of intersection. Substituting from (8) and (9) for p and g, equation

(14) is

(¥n = ¥n-1)) = by Xnyn) (Xn — Xn-1)) _
Tl(b(n—1) = b (xn:yn))

Yn = ¥m-1)) — by Onyn)(xn — Xn- 1 _
— b(n)(s, t) (( ( 1)) n ( ( 1)) _ ;(s _ x(n—l))), (15)

bn-1) ~(t = Y1)

n(b(n—l)_ b(n)(xn,J/n))

Obtain (13) by multiplying (15) by n (b(n—l) — beny(xn, yn)), which is nonzero, and arranging the
terms. ]

Because the center of attention is on a set of observations that is considered to be n — 1 pairs
augmented with an n™" pair, additional formulas that are similar to the identities (6), which gives
the mean of n univariate observations in terms of the mean of n — 1 of them and of the n'"
observation, are very useful and are in Lemma 6. The derivations of the formulas can be
accomplished with algebra by squaring, applying (6), and distributing the summation signs. When
the nt point is T: (s, t), these formulas can be used by substituting (s, t) for (x,,, ¥,,).
Lemma 6. For the set S(;;)(x,,, y,) of n pairs of observations,

Sixay = Ziea (% — Fy)” = L5 (xi — Tueny) + 2 (ot — o)

= Sxx(m-1) T nT_l Xn — JZ(11—1))2’ (16)
Sy = X (i = Tow)” = S8 0i = Fanen) + nT_l(}’n = Fen-n)”

= Syy(n-1) +nT_1 Yn — 3_’(n—1))2’ (17)

and
Sxy(n) = i1 (6 — X)) Vi — )
= Y% = Xe1) (Vi — Fn-1)) +nT_1 Xn = En-1) (¥ n = Fn-1)
=Sxy(m-1) T nT_l(xn — Zn-1)) (0 — Fn-1))- (18)
For each fitting procedure of interest, such as linear regression in Section 3 and orthogonal

least-squares fitting of lines in Section 4, the objective is to solve equation (13) in Lemma 5 for
the relationship between the coordinates s and t of the variable n™" point T: (s, t), such that the

136



Fixed Points for Fitted Lines David L. Farnsworth

fitted lines for the set Si;)(s,t) contain the point P:(p,q), which is determined by the set
S(n) (Xn, Yn), where R: (xp, y,) is the selected point. It is required that the n'M data point R is one
realization of the variable point T. Figure 2 illustrates this in a schematic fashion, where the curve
f(x,y) = 0 contains the points such as R and T.

Definition 1. When point P: (p, q) plays the role of the common point in a family of lines, as
described in the paragraph above, the point P is called a fixed point.

A

L(Wl L(” K-rmyn

50T

y M (n)(xmy n :(,r,,.y,, )

25T

-25 0 25 50 75

M

Pip.q)

Figure 1: The point P: (p, q) is determined by S¢,) (X, Yn)

N
| L(”-] L(” X-’fm)’n
’ M) (XY €T ) s.0)
25T
) M-y
ﬂ)/ M (s.1) T:(s.1)
Flxy)=0
: 2 50 75 ”
x

Figure 2: The curve f(x,y) = 0 contains the n‘" points, such as R and T,
that create fitted lines containing the fixed point P

In order to have sufficient structure, it is assumed that R is not on the line L;,,_1), as discussed
following Lemma 4. The assumption that Syy,—1) # 0 in Sections 3 and 4 is reasonable, because
the linear correlation coefficient for S;,_1y would be zero if Syy 1) Were zero.
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3. Linear regression

For simple linear regression, it is shown in [3] and [9] that a fixed point corresponds to each
observation in the following sense. Designating the selected observation in Sy (Xn, Yn) by
R: (%, V), it is shown there that any single replacement point on the vertical line x = x,,, along
with the remainder of the original data set, produces a regression line that contains a fixed point
that is associated with R. Frames from an animation showing numerous lines with one fixed point
for a well-known data set is in [9]. Because one such replacement point is the intersection of x =
Xn and L, _q), Lemma 4 says that the produced regression line is L,_4y. Thus, the fixed point is
contained in both the line L(,_;) and the line L ;) (xy, ) and its coordinates are given in Lemma
1.

Many diagnostic tools in linear regression for examining the influence and leverage of one
of the data points, represented by R: (x,, y»,) here, involve “moving” that data point on the vertical
line x = x,, [5, 8, pp. 384, 420, 10, p. 321]. Fixed points might be considered to be intrinsic to
those studies.

The special case in which the intersection point P:(p,q) of Lip—q) and Ly (xp, y) in
Lemma 1 is at infinity occurs when the first coordinate of R:(xy,¥,) is X(5—1). Theorem 1
addresses that occurrence. Theorem 2 identifies all n™® points T: (s, t) such that the regression line
for the set S(;)(s,t) contains point P, including the case in which P is the appropriate point at
infinity.

Theorem 1. In simple linear regression with Syxn_1), Sxy(n-1)> and b, _1) non zero, if the x-
coordinate of the selected observation R: (x,, y,,) is the mean of the other observations, i.e., x,, =
X(n-1)> and if y, # ¥n_1), then the lines L1y and Ly (xp, yp) are parallel, and, thus, their
point of intersection is a point at infinity. These are the only n'? points that yield parallel lines.
Proof. Consider the expression

-1 _ —_
Sxym)xnyn) _ Sxy(m-nt nT(xn - Xn-1))(Vn = V(n-1))-

(19)

for the slope of the regression line L) (xy, ¥), where Lemma 6 has been employed. Setting this
slope equal to

b(n) (X yn) =

- n-1 _ 2
SXX(TL) (xn.yn) Sxx(n_1)+T(xn - X(n_l))

b1y = Sxy(n-1) (20)

Sxx(n-1)’

which is the slope of regression line for the set S(;,_q), yields

Xp = f(n— 1)
or

Sxy(n-1) _ Yn—Ymn-1)

Sxx(n-1) Xn = X(n-1)

The second outcome says that R: (x,, y,) is on the line L(,_1), which is disallowed. For the first
outcome, since Y, # ¥(n_1), the two lines are seen not to coincide because of their differing points
of means with identical x-coordinates. They are parallel. ]
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Theorem 2. For simple linear regression with Syxy_1), Sxym-1), and b1y non zero, replacing
the n'" data point R: (x,,, y,,), which is in the set Sn)(Xn, ¥n) and is not on the line L,_1), with
any point T (s, t) on the vertical line x = x,, or on the regression line L,_1) yields a regression
line, which contains the fixed point P that is associated with point R with respect to the set
S(n) (Xn, Yn). Points T on those two lines are the only replacement points for R: (x,, y,,) that yield
a regression line containing that fixed point P. See Figure 3,
Proof 1f x, = X(n_1), then P is a point at infinity by Theorem 1, and the conclusion to the theorem
is true. In order to avoid zero denominators and so that in the remainder of this proof point P is a
point in the plane, assume that x, # X(_1) and s # X(;_1)-

Lemma 4 implies that any point on L,_,) satisfies this theorem, because, from Lemma 1,
L(n—1) contains the fixed point.

The coordinates of P: (p, q@) in (5) do not depend upon the y-coordinate of R [3, 9]. Indeed,
from (19) and (20),

(¥n = ¥(n-1)) = by Xn.yn) (Xn — E(n-1))
n(b(n—l)_ b(n) (xn,yn))

Sxy(-n* "5 (*n = Fn-1))(¥n ~Fn-1))

(J/n - 3_’(n—1)) - (xn - f(n—l))

Sxx(n-1)t nT_l(Xn - 7(n—1))

n<SXY(n—1) Sxy(n-1)* " (¥n = Fn-1))(¥n - 7(n—1))-)

S _ -1 _ 2
XX(n-1) SxX(n—1) + " (¥n = X(n-1))

5XX(n-1)(SXX(n-1)(yn - V(n-1)) = Sxyn-1)(%n - f(n-1)))

- _ 2 - _ _
n<SXY(n—1)nTl(xn - X(n-1)) — SXX(n—1)nTl(yn -V (n-1))(Xn - x(n—l)))
_ Sxx(m-1)

(n_l)(xn - f(n—l))’

which is free of y,,. Therefore, any point on the vertical line x = x,, yields the same fixed point
and satisfies the theorem. For regression, the curve f(x,y) = 0inFigure2is f(x,y) = x — x, =
0.

To show that those are the only points that yield the desired line, take advantage of the
symmetry in (13) in Lemma 5, where the second term is the same as the first term after
interchanging the roles of (s, t) and (x,, ¥,,). Also, the number of variables can be reduced by one
by employing (20) to replace Sxy 1) With Sxxn—1)bn—1)- The identity

Sxr (s Sxyn-1) +=(s=Fn-1)) (t=V(n-1))

b(n) (S; t) = SXX(n) (s,t) —_ SXX(n_l) + nT_l(s—f(n_l))z )] (21)
implies that
bay(s,t) = bn-1y
_ Sxymy(sit) _ Sxy(n-1) +nT_1(5‘f(n-1))(t—37(n-1)) b
T Sevnst) -1 T — Pn-1)

-1 _ 2
Sxx(n) (st) Sxxm-1) + nT(s—x(n_l))

Sxx(n-1)bn-1)+ - (5=%(n-1)) (t=F (n-1))

— bn-1)

- _ 2
5XX(n—1)+nTl(5_x(n—1))

-1 _ _ -1 _ 2
_ SXX(n—1)b(n—1)+nT(S—x(n-1))(f—Y(n—1)) = Sxx(n-1Pm-1) — nT(S—x(n—n) bn-1)

- _ 2
5XX(n—1)+nTl(5_x(n—1))
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_ =) (=TI n-n)-Pen—n) (5= Fen-)))

= 22
Sxx(n-1) +Tl(5—f(n—1))2 22)
Applying the interchange of roles to (22) gives
n—-1 _ _ _
_(xn_x(n—l))((yn_y(n—l))_b(n—l) (xn_x(n—l)))
bey (X, Vi) — bin—qy = = o . 23
() ns Yn (n-1) 5XX(n-1)+Tl(xn—f(n—1))2 23)
Also,
(t = Fm-1) = by (s, (s = Z(n-1))
_ Sxx(m-1)bm-1) +nT_1(S—f(n-1))(t—37(n-1)) _
=(t = Yin-1)) — L S — Xn—
( y(n 1)) SXX(n—l) +Tl(s_f(n—1))2 ( (n 1))
_ Sxxn-1) (t = Fn-1))+ nT_l(S—f(n—n)z(t - V(n-1))
Sxx(m-1) + nT_l(S—f(n—m)z
3 Sxx(n-1)Pm-1)(s— J?(n-1))+nT_1(S— Jz(n-1))2(f‘37(n—1))
Sxx(n-1) * nT_l(S—f(n-n)z
_ Sxx(n-1) (t = F(n-1)) =Sxxn-1bmn-1)(5— Zn-1)
Sxx(n-1) * nT_l(S—f(n—n)z
_ SXX(n—l)((t - 37(n-1))—b(n—1) (S— JZ(n-1))) (24)
Sxx(n-1) nT_l(S—f(n-n)z
Applying the interchange of roles to (24) gives
_ _ Sxx(n-1) (J/n - 37(n—1))_b(n—1)(xn_ f(n—l))
(:Vn - :V(n—l)) - b(n)(xnr yn)(xn - x(n—l)) = ( n—1 _ 2 ) (25)
Sxx(n-1) + T(xn_x(n—l))
Substituting (22)—(25) into (13) gives
nT_l(s_f(n—l))((t_y(n—l))_b(n—l) (S_X(n—l))) SXX(n—l)((J/n - y(n—l))_b(n—l)(xn_ ’E(n—l)))
SXX(n—1)+nT_1(S—f(n—1))2 Sxx(n-1) nT_l(xn—f(n—n)z
_ nT_l(xn_f(n—l))((.’Vn_:)_/(n—l))_b(n—l)(xn_f(n—l))) SXX(n—l)((t_y(n—l))_b(n—l)(s_ JZ(n—1))) — 0

- ~ 2 - — 2
SXX(n—1)+nTl(xn_x(n—1)) Sxx(n-1) nTl(S—x(n-n)

Thus,

<( s )) ((s = %tn-1)) = (50 = Fay) )

— ~ 2 - - Z
5XX(n—1)+nTl(5_x(n—1)) )(SXX(n—1)+nTl(xn_x(n—1))

((t = Vn-1)) = bn-1y(s = f(n—l))) ((J’n ~ Vn-1)) = b1y (xn — f(n—l))) = 0. (26)

The first factor in (26) is nonzero. The fourth factor is not zero, because R: (x,, ¥,) is not on the
line L(;_1). The second and third factors show again that replacement points on the vertical line

S = Xp, 1.e.,, X = x,, and on the regression line L,_q) give regression lines containing point

P: (p, q@). There are no other factors, so those are the only points. [ ]
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4. Orthogonal regression

Analogously to equations (19)—(21) for simple linear regression, for orthogonal regression,
the slopes are

2 2
Syy(n) (Xnyn) - Sxx(n) (xXnyn) +\/(5YY(n) (xnyn)— Sxx(n) (xn'J/n)) +4(5XY(n) (xn'J/n))

b(n) (xnl yn) = ZSXY(TI) (xn,yn) ’ (27)
Syy(n-1) ~ Sxx(n-1) +\/(5YY(n—1) = Sxxn-n) +H4(xv-n)’
b(n—l) = B (28)
25xy(n-1)
and
2 2
b _ Syym) () = Sxx(m)(:) +J(SYY(TL) (s,t)= SXX(n)(S't)) +4(SXY(”)(S’t)) 29

n) (Sr t) - ZSXy(n) (s,t) ( )

[12].

Notice that X, _1) Or ¥,_1) is subtracted on each occasion of the appearance of a data value.
(This is true for linear regression in Section 3, as well.) Thus, without loss of generality, the
centering

Xn-1)=Ym-1=0

of S(5—1) is assumed in the proofs in this section. Translations of the coordinates can be employed
to accomplish this, and, at any juncture, the corresponding inverse transformations can be used to
reintroduce non-zero means.

In order to visually simplify the equations, designate

Syy(n-1) — Sxx(n-1) = nT_lAa Sxy(n-1) = nT_lB’ and b(n—l) = b.

Those quantities are functions only of elements of the foundational set S(;,_1). Using Lemma

6 and this notation, equations (27)—(29) can be expressed

2
A+y2—x2 +J(A+y,21—x,21) +4(B+xpVn)?

b(n) (X ) = 2(B+xnyn) ) (30)
A+VAZ+4B2
b=t (31
and
2_o2 _
b(n)(s, £ = A+t2-s2 +\/(A+t2—s2 )2+4(B+st)2. (32)

2(B+st)
Data sets that produce zero denominators in these equations create isolated points in the loci

of interest. Those values would correspond to linear correlation of value zero in the observations.

Take b # 0. Equation (31) shows that the sign of b is the same as the sign of B, i.e., bB > 0, and

that

_ b%-1

b

A

B, (33)
since b # 0.

Theorem 3 contains the result about fixed points at infinity for orthogonal linear regression
that corresponds to Theorem 1 for simple linear regression.

Theorem 3. For orthogonal linear regression, assume that Syy,—1y and bg,_qy are nonzero, i.e.,
B # 0and b # 0. If the selected observation R: (x,,y,) is on the line that is perpendicular to
L1y and containing the point of means Mg, 1) = (f(n—1)'}_’(n—1)) of the other n—1
observations, but R is not the point M(,_q), then the orthogonal regression lines L;,_q) and
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Lny(xp, ¥, are parallel, and, thus, their point of intersection is a point at infinity. These are the

only n'™" points that yield parallel lines.
Proof. Consider the variable point T: (s, t). Equation (32) can be written

2
(B + st) (b(n)(s, t)) —(A+t2 =52 )by (s,t) — (B +st) =0.
Equation (32) is the immediate result of this equation in the minimization procedure. Taking
b(n) (S, t) = b, this is
(B+st)(b)>?-(A+t?>—5s?)b —(B+st) =0,
or
bt? — (b®> — 1)st — bs? — (Bb?> —Ab — B) = 0.
The constant term is zero from equation (33), and the remaining terms factor to
(t —bs)(bt +s) =0.
The first factor yields the line L¢,_4y: y = bx. The second factor gives

t=—-=s. (34)
Equation (34) represents the line perpendicular to the line L,_q) at M(,,_q), i.€.,
1
y=—7X (35)
The lines L1y and L, (xp, yp,) are distinct because their points of means differ. ]

Theorem 4 supplies the locations of replacement points that produce fitted lines that contain
the fixed point.
Theorem 4. For orthogonal regression, assume that Syy,_q) and bg,_qy are nonzero, i.e., B #

0 and b # 0, and that X(,_1) = ¥n-1) = 0. Replacing the nt data point R: (x,,, y,,), which is in the
set S(n) (Xn, ¥n) and is not on the line L(,—1), with any point T: (s, t) on the line L¢,_1) or on the

circle
nZp2+A—bB\> bn2p2+bA—b2B\ >
i (o0 ~TEa)} () tpteonciiny
2n 2np
1

= (8bn?p?B — 4n’p?A + (b% + 1)(n?*p? + A — bB)?), (36)

4n2p2
omitting the intersection points of C and y = —(1/b)x, yields an orthogonal regression line, which
contains the fixed point P associated with point R with respect to the set S,) (X, ¥,). Also, points
on circle C and line L(;,_1) are the only such replacement points for point R that yield an orthogonal
regression line containing that fixed point P. See Figure 4,
Proof. As in the proof of Theorem 2, Lemma 4 implies that any point on L;,_q) satisfies this
theorem, because, from Lemma 1, L(,_;) contains the fixed point.

If the coordinates of the points R: (x,,, y;,) and T: (s, t) satisfy equation (35), then P is a point
at infinity by Theorem 3 and the conclusion to this theorem is true with the circle C in (36) replaced
by the line (35). In order to avoid that case and so that P is a point in the plane, assume in the
remainder of this proof that the coordinates of the points R: (x,, ;) and T: (s, t) do not satisfy
equation (35).

Instead of using equation (13), which as in the proof of Theorem 2, a more direct approach
is taken here to find the coordinates of T. The expressions that are derived for the coordinates of
the point T contain point P’s x-coordinate p, which can be computed with equation (5) using the
elements of the known set S¢,y (x5, ¥,,) and equations (27) and (28). From equation (7),

q = bp,

and then, from equation (14),
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bany(5,8) = ts_bnp, (37)
which is the equation to be solved for the coordinates x = s and y =t of T. The point (s,t) =
(np, bnp) is excluded from the analysis and is an isolated point of C. From equation (32), equation
(37) becomes

A+t2-5? +,/(A+t2-s2)2+4(B+st)2 _ t—bnp
2(B+st) - s—-np

b

or

(B+st)(t—bnp)
s—np

JA+ t2—52)2+4(B + st)2=2 —(A+ t?2=s?).

Squaring and arranging terms yield
(B + st)((t — bnp)? — (s —np)?) — (s —np)(4 + t? — s?)(t — bnp) = 0, (38)
which is a third-degree polynomial in ¢. Because any point on the line L,y satisfies this equation,

one factor of the left-hand side of (38) must be t — bs. By expressing t as t — bs + bs, equation
(38) becomes

(B +s((t—bs) + bs)) (((t — bs) + bs — bnp)2 —(s— np)z)
—(s — np) (A + ((t = bs) + bs)2 - sz) ((t = bs) + bs — bnp) =0,
or
(s(t — bs) + (bs? + B))((t — bs)? + 2b(s — np)(t — bs) + (b? — 1)(s — np)?)
—(s —np)((t — bs)? + 2bs(t — bs) + (b? — 1)s? + A)((t — bs) + b(s —np)) = 0. (39)
Equation (39) becomes
(t — bs)((np)(t — bs)? + (2bnps — bn?p? + B)(t — bs)
+ (s — np)(b*nps + nps + 2bB — A)) = 0. (40)
The first factor in equation (40) confirms that the points on the line L,_qy: ¥ = bx satisty
the hypothesis. The conic section in the second factor of (40) is the circle
nps? + npt? — (n®p? — bB + A)s — (bn’p? — b?B + bA)t + npA — 2bnpB = 0,
or
C:npx? + npy? — (n®p? — bB + A)x — (bn’*p? — b?B + bA)y + npA — 2bnpB = 0,
which yields (36). For orthogonal regression, the curve f(x,y) = 0 in Figure 2 is the circle C in
equation (36). ]
Equation (36) shows that the center of C is on line L¢,_4y. It may be somewhat surprising

that the curve is a circle. The curve’s symmetry might be somewhat expected, because the model
uses distances perpendicular to a line. Also, the variables are treated equally.

Sometimes data are standardized, i.e., replaced with z-scores [1, 11]. If the x-coordinates
and the y-coordinates of the foundational set S¢,_1) are separately standardized, then A = 0, and,

from (31), b = *1. The circle in (36) becomes
bn?p?-B 2 __ 1 (bn?*p?+B
+v-=5) =) @

2,2 2
n -b
(x —5-)
2np 2np np

The points of intersection of the circle (41) and the line L,—;) are (np,bnp) and

(=bB/(np),—B/(np)).

2
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5. Mechanical devices

Figures 3 and 4 show physical realizations of the dependence on the varying replacement
nt® observation for fitting the regression lines and orthogonal regression lines in Theorems 2 and
4, respectively. As the location of the brown replacement point T: (s, t) is changed on its gray
track, the red linkage rod L(s, t) rotates, like a spoke of a wheel, about the stationary green hub at
M,—1). The blue point of means M,y (s, t) slides on the red rod L(s, t), and on its gray track. The
point M) (s, t) reacts to the movement of the point T: (s, t), because of the linkage L(s, t), which
is the red rod. The tan rod is the fitted line L;)(s,t), which contains the orange fixed point
P: (p, q), which is also a hub, and the blue point of means M, (s, t). In both figures, the original
nM_observation R: (x,,y,) is at one of the points on the gray track for T: (s, t). There are two
hubs, which are located at P: (p, q) and My, _1). The line L;,_1y, which fits the elements of the set
S(n-1), is not shown in either figure. It would be a stationary rod connecting the orange P: (p, q)
and the green M(,,_q) hubs. It is a component of the underlying structure for the mechanisms but
not a moving part.

FIGURE 3: Mechanism for Theorem 2
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The legend for Figure 3 is:

The brown slider is the potential replacement point T (s, t).

The right-hand gray vertical track is the location of replacement points, such as
T:(s,t).

The blue slider is the point of means M,)(s, t).

The left-hand gray vertical track is the location of the points of means, such as
M (n) (s, t).

The green fixture is a pivot at a center of rotation and is M(;,_1).

The red rod L(s, t) is the linear linkage that is assured by Lemma 3.

The orange fixture is a pivot at a center of rotation and is the fixed point P: (p, q).

The tan rod is the regression line Liny (s, t) for the set S¢,y (s, t).

FIGURE 4: Mechanism for Theorem 4

The legend for Figure 4 is:

The brown slider is the potential replacement point T (s, t).

The outer gray circular track is C, which is the location of replacement points,
such as T: (s, t).

The blue slider is the point of means M,)(s, t).

The inner gray circular track is the location of the points of means, such as
M (n) (s, t).

The green fixture is a pivot at a center of rotation and is M(;,_1).

The red rod L(s, t) is the linear linkage that is assured by Lemma 3.

The orange fixture is a pivot at a center of rotation and is the fixed point P: (p, q).

The tan rod is the orthogonal regression line Ly (s, t) for the set S¢yy (s, t).
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6. Concluding comments

The goal here is to show that there are some interesting points and curves associated with
certain models for bivariate observations. Simple linear regression and orthogonal regression are
used as examples. Another choice for a linear model is Deming regression, where a different
constant angle replaces the 90° degree angle that appears in orthogonal regression [2, pp. 128—
147, 12]. Since the line contains the point of means, the lemmas and ideas in Sections 1 and 2 can
be applied to it. One approach to Deming regression is with errors in measurement in the data for
each coordinate. For orthogonal regression, it is assumed, or believed, that all measurements have
equal errors. That might occur when the same gauge or dial is read for both variables, and, thus,
the gauge’s pointer or dial’s markings produce the same uncertainty for both variables. For Deming
regression, the errors in the two variables may have different variances, whose constant ratio
appears in the model [2, 12].

A well-known problem with orthogonal regression is that a coordinate transformation or
scaling alters the identity of the fit, which cannot be undone with the inverse transformation of the
fit. There is still debate about the suitability of transformations in some circumstances [1, 4, pp.
93-94, 6, pp. 64—65, 7]. Centering does not affect perpendicularity, for example, so that centering
with X, _1) = ¥n—1) = 0 in Section 4 is not problematical. However, transforming the observations
to z-scores is not advised by some authors and practitioners, because that irreversibly alters the fit
of the observations.
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