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ABSTRACT  
Numerous recent studies have proposed neutrosophic ratio-type estimators of the finite population mean 
for interval-valued data using auxiliary information. These studies report neutrosophic bounds of the mean-
squared errors of the estimators. This study employs simulation-based empirical distributions to show that 
such bounds are often inaccurate and misleading, highlighting the need for more reliable inference when 
analyzing interval-valued data. 
Keywords: Finite population; Mean-squared error; Population mean; Ratio-type estimator; Neutrosophic 
statistics.  

1. Introduction 

 In many practical situations, study variables are observed as intervals rather than precise 
values—such as income ranges, temperature limits, or grouped survey responses. Such interval-
valued data arise from rounding, measurement error, or imprecise reporting. Incorporating 
interval-valued observations into estimation procedures helps preserve the inherent uncertainty in 
the data rather than relying on point values. 

Since the introduction of Neutrosophic Statistics by [30], several mathematical disciplines 
—such as topology, algebra, and geometry—have been extended under the neutrosophic 
framework. In recent years, this concept has also been applied to statistical problems involving 
interval-valued data, including analysis of variance, experimental design, process monitoring, 
capability analysis, and reliability assessment. Examples include neutrosophic regression analysis 
[14], neutrosophic experimental-design approaches [11], and neutrosophic estimators in survey 
sampling [32]. 

In survey sampling involving interval-valued data, several authors have proposed auxiliary 
information-based estimators for finite population parameters, particularly the population mean. 
The supplementary information is utilized in terms of one or more interval-valued auxiliary 
variables. These include works by [16], [32], [2], [3], [37], [15], [13], [24], [4], [33], [6], [39], 
[25], [40], [12], [22], [41], [23], [34], [27], [20], [21], [42], [1], [9], [18], [38], [28], [10], [7], 
including the relevant references cited therein. In all of these studies, the neutrosophic bounds for 
the mean squared errors (MSEs) of the estimators were expressed as intervals. However, the 
authors of these works did not clearly specify what underlying statistical quantity the neutrosophic 
intervals were intended to represent. 

In recent years, several researchers have critically evaluated neutrosophic statistical 
methods. For instance, [35] and [31] reviewed neutrosophic process monitoring approaches and 
identified key conceptual and methodological issues that must be addressed before such methods 
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can be considered practical. Building on this critique, [36] demonstrated through examples that 
neutrosophic analyses often yield results that are inaccurate or misleading and recommended 
simulation-based approaches as a clearer and more interpretable alternative for analyzing interval-
valued data. Similarly, [5] examined recent applications of neutrosophic statistics to designed 
experiments and showed that the reported neutrosophic bounds on analysis of variance statistics 
were often incorrect or lacked sufficient precision to be practically useful. 

Following the works of [36] and [5], this study employs a simulation-based approach to 
obtain empirical distributions of the MSEs of estimators for several finite interval-valued 
populations. The results indicate that the neutrosophic bounds of the MSE estimators are generally 
too narrow or inaccurate to provide reliable inference. 

The remainder of the paper is organized as follows: Section 2 introduces the neutrosophic 
observations and notations. Section 3 presents the neutrosophic ratio-type estimators of the finite 
population mean and their mathematical expressions for the MSEs. Section 4 reports the 
simulation-based results, and Section 5 concludes the paper. 

 

2. Neutrosophic Observation and Notations 

 Suppose that a variable 𝑍  takes a value within an interval [𝑎, 𝑏] , say 𝑍 ∈ [𝑎, 𝑏] . A 
corresponding neutrosophic variable 𝑍ே is said to take a value within the neutrosophic interval 
[𝑍௅ , 𝑍௎]  when 𝑍ே = 𝑍௅ + 𝑍௎𝐼ே  with 𝐼ே ∈ [𝐼௅ , 𝐼௎] , where (𝑍௅ , 𝑍௎)  and (𝐼௅ , 𝐼௎)  denote the 
(lower, upper) bounds of 𝑍ே and 𝐼ே, respectively. Here, 𝐼ே denotes the indeterminacy in 𝑍ே. It 
is conventional to take 𝐼ே  as 𝐼ே ∈ [0,1] . 𝑍ே ∈ [𝑎, 𝑏]  when 𝐼ே ∈ [0,1] . Since 𝑍ே  is defined in 
terms of an interval, any subsequent computation involving 𝑍ே may yield an interval rather than 
a single value. 

Consider a finite neutrosophic population 𝑈ே that comprises 𝑀ே units, denoted by 𝑈௜,ே 
for 𝑖 = 1,2, … , 𝑀. Let 𝑌௜,ே and 𝑋௜,ே denote the neutrosophic study and auxiliary variables for the 
𝑖th unit of 𝑈ே, respectively. Let (𝑌തே , 𝑋തே), (𝑆௒,ே

ଶ , 𝑆௑,ே
ଶ ) and denote neutrosophic population means 

and variances of the neutrosophic study and auxiliary variables, respectively. Similarly, let 
(𝐶௑,ே , 𝐵ଶ௑,ே)  denotes the coefficients of variation and kurtosis for the neutrosophic auxiliary 
variable, respectively. Here, 𝑌തே ∈ [𝑌ത௅ , 𝑌ത௎], 𝑋തே ∈ [𝑋ത௅ , 𝑋ത௎], 𝑆௒,ே

ଶ ∈ [𝑆௒,௅
ଶ , 𝑆௒,௎

ଶ ], 𝑆௑,ே
ଶ ∈ [𝑆௑,௅

ଶ , 𝑆௑,௎
ଶ ], 

𝐶௑,ே ∈ [𝐶௑,௅ , 𝐶௑,௎] , and 𝐵ଶ௑,ே ∈ [𝐵ଶ௑,௅ , 𝐵ଶ௑,௎] . Similarly, let 𝑅௒௑,ே  denote the neutrosophic 
coefficient of correlation between 𝑌ே and 𝑋ே, where 𝑅௒௑,ே ∈ [𝑅௒௑,௅ , 𝑅௒௑,௎]. 

Suppose that a neutrosophic sample of size 𝑛ே ∈ [𝑛௅ , 𝑛௎]  is drawn from a finite 
neutrosophic population 𝑈ே using simple random sampling without replacement scheme. Then 

the neutrosophic sample means of 𝑌ே and 𝑋ே are 𝑌ത෠ே ∈ [𝑌ത෠௅ , 𝑌ത෠௎] and 𝑋ത෠ே ∈ [𝑋ത෠௅ , 𝑋ത෠௎], respectively. 

Here, 𝑌ത෠ே  and 𝑋ത෠ே  are conventional estimators of 𝑌തே  and 𝑌തே , respectively. The variances and 

covariance of 𝑌ത෠ே and 𝑋ത෠ே are respectively given by 
  

 Var(𝑌ത෠ே) = 𝑄ே𝑌തே
ଶ𝐶௒,ே

ଶ , (1) 

 Var(𝑋ത෠ே) = 𝑄ே𝑋തே
ଶ𝐶௑,ே

ଶ  and (2) 

 Cov(𝑌ത෠ே, 𝑋ത෠ே) = 𝑄ே𝑌തே𝑋തே𝑅௒௑,ே𝐶௒,ே𝐶௑,ே, (3) 
 where 𝑄ே = (1/𝑛ே − 1/𝑀ே) with 𝑄ே ∈ [𝑄௅ , 𝑄௎]. For more details, we refer to [32]. 
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3. Neutrosophic Estimators 

 [32] proposed several neutrosophic ratio-type estimators of the finite population mean 
based on a single neutrosophic auxiliary variable. 

The first five estimators of 𝑌തே, suggested by [32], use information on neutrosophic sample 

means (𝑋ത෠ே, 𝑋ത෠ே), along with some known parameters of the neutrosophic auxiliary variable 𝑋ே, 
say 𝐶௑,ே and 𝐵ଶ௑,ே, are given by  

 

 𝑌ത෠ଵ,ே = 𝑌ത෠ே ቀ
௑തಿ

௑ത෠ಿ
ቁ, 

 𝑌ത෠ଶ,ே = 𝑌ത෠ே ൬
௑തಿା஼೉,ಿ

௑ത෠ಿା஼೉,ಿ
൰, 

 𝑌ത෠ଷ,ே = 𝑌ത෠ே ൬
௑തಿା஻మ೉,ಿ

௑ത෠ಿା஻మ೉,ಿ
൰, 

 𝑌ത෠ସ,ே = 𝑌ത෠ே ൬
௑തಿ஻మ೉,ಿା஼೉,ಿ

௑ത෠ಿ஻మ೉,ಿା஼೉,ಿ
൰ and 

 𝑌ത෠ହ,ே = 𝑌ത෠ே exp ቀ
௑തಿି௑ത෠ಿ

௑തಿା௑ത෠ಿ
ቁ. 

 
 [32] derived mathematical expressions for the neutrosophic biases and MSEs of these estimators 
under a first-order of approximation. For brevity, only the the neutrosophic MSEs of the estimators 
are discussed here. 

The neutrosophic MSEs of the estimators 𝑌ത෠௝,ே for 𝑗 = 1,2, … ,5 under first order of the 
approximation are given by  

 

 MSE(𝑌ത෠ଵ,ே) ≈ 𝑄ே
ଶ 𝑌തே

ଶ൫𝐶௒,ே
ଶ + 𝐶௑,ே

ଶ − 2𝑅௒௑,ே𝐶௒,ே𝐶௑,ே൯, 

 MSE(𝑌ത෠ଶ,ே) ≈ 𝑄ே
ଶ 𝑌തே

ଶ ቆ𝐶௒,ே
ଶ + ൬

௑തಿ

௑തಿା஼೉,ಿ
൰

ଶ

𝐶௑,ே
ଶ  

               −2 ൬
௑തಿ

௑തಿା஼೉,ಿ
൰ 𝑅௒௑,ே𝐶௒,ே𝐶௑,ே൰, 

 MSE(𝑌ത෠ଷ,ே) ≈ 𝑄ே
ଶ 𝑌തே

ଶ ቆ𝐶௒,ே
ଶ + ൬

௑തಿ

௑തಿା஻మ೉,ಿ
൰

ଶ

𝐶௑,ே
ଶ  

               −2 ൬
௑തಿ

௑തಿା஻మ೉,ಿ
൰ 𝑅௒௑,ே𝐶௒,ே𝐶௑,ே൰, 

 MSE(𝑌ത෠ସ,ே) ≈ 𝑄ே
ଶ 𝑌തே

ଶ ቆ𝐶௒,ே
ଶ + ൬

௑തಿ஻మ೉,ಿ

௑തಿ஻మ೉,ಿା஼೉,ಿ
൰

ଶ

𝐶௑,ே
ଶ  

               −2 ൬
௑തಿ஻మ೉,ಿ

௑തಿ஻మ೉,ಿା஼೉,ಿ
൰ 𝑅௒௑,ே𝐶௒,ே𝐶௑,ே൰, 

 MSE(𝑌ത෠ହ,ே) ≈ 𝑄ே
ଶ 𝑌തே

ଶ ቀ𝐶௒,ே
ଶ +

ଵ

ସ
× 𝐶௑,ே

ଶ − 𝑅௒௑,ே𝐶௒,ே𝐶௑,ேቁ. 

 Further derivations and proofs can be found in [32]. 
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4. Numerical study 

 This section considers four finite populations containing interval-valued data on both 
study and auxiliary variables. These populations have been used in several previous studies on 
neutrosophic estimators of the population mean based on auxiliary information. Following [36], a 
simple and informative simulation-based approach is employed to obtain the empirical 
distributions of the MSEs for the considered ratio-type estimators. 

 
1.  First population: It is taken from the R package ‘neutroSurvey’ of [17], containing 

yearly interval-valued data for Japan from 1975 to 2015. The dataset comprises 31 observations 
on the variables: ‘Country’, ‘Sex’, ‘Year’, ‘Auxili_min’, ‘Auxili_max’, ‘Study_min’, and 
‘Study_max’. Here, 𝑀ே = 82 and 𝑛ே = 25. 

2.  Second population: A real-life dataset on natural growth rate, taken from [8] and [26], 
contains 36 interval-valued observations on ‘birthrate’ (auxiliary variable) and ‘natural growth 
rate’ (study variable). Here, 𝑀ே = 36 and 𝑛ே = 9. 

3.  Third population: This dataset, taken from [29], contains records of patients who 
visited the Basic Health Unit (BHU) reporting gastritis between June 2021 and August 2021. It 
comprises 70 interval-valued observations on four variables: ‘Systolic blood pressure’, ‘Diastolic 
blood pressure’, ‘Heartbeat rate’ and ‘Body temperature’. The ‘heartbeat rate’ and ‘Body 
temperature’ are considered as study and auxiliary variables, respectively. Here, 𝑀ே = 70 and 
𝑛ே = 30. 

4.  Forth population: This dataset, taken from [19], consists of interval-valued climate 
data for state of Alabama, USA, recorded during the month of May. It comprises 18 interval-valued 
observations on three variables: ‘Hourly Temperature’, ‘Dew Point Temperature’ and ‘Relative 
Humidity’. The ‘Hourly Temperature’ and ‘Dew Point temperature’ are considered as study and 
auxiliary variables, respectively. Here, 𝑀ே = 18 and 𝑛ே = 4.  

In the neutrosophic survey sampling literature, the bounds of the MSEs for auxiliary 
information-based estimators are typically obtained using two methods. The first method employs 
the R Package ‘neutroSurvey’ to calculate neutrosophic parameters, which are then substituted 
into the MSE formulas. The second, most commonly used method, relies soly on the lower and 
upper endpoints of the interval-valued data. Here, we use both of these approaches to calculate the 
neutrosophic bounds of the MSEs of estimators. 

Following [36], a probability distribution may be assumed within each interval of the data 
to generate simulated observations. Although any beta-type distribution can be adopted, assuming 
a uniform distribution over each interval is reasonable when the underlying distribution is 
unknown. Using 100,000 simulated datasets for each population, empirical MSE values of the 
estimators were computed based on the expressions obtained under first-order of approximation. 
Figures 1–4 compare the empirical MSE distributions with the corresponding neutrosophic 
bounds. 
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Figure 1: Empirical histograms and neutrosophic bounds of the MSEs of estimators for  
          Population-I 
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Figure 2: Empirical histograms and neutrosophic bounds of the MSEs of estimators for    
          Population-II 
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Figure 3: Empirical histograms and neutrosophic bounds of the MSEs of estimators for  
          Population-III 
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Figure 4: Empirical histograms and neutrosophic bounds of the MSEs of estimators for  
          Population-IV 
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Figures 1–4 reveal that the neutrosophic MSE bounds obtained using the ‘neutroSurvey’ 

R package are often overly narrow or misleading, underscoring the need for simulation-based 
methods to achieve accurate and interpretable inference. 

A fundamental shortcoming of the neutrosophic approach is that it derives one bound using 
only the lower endpoints and another using only the upper endpoints of the data. Although the 
original rationale for this procedure is not clearly documented, it appears to reproduce the 
published results despite its mathematical inadequacy. 

5. Conclusion 

This study demonstrated, through simulation, that the neutrosophic bounds for the MSEs 
of estimators are frequently inaccurate and fail to represent the true variability present in interval-
valued populations. The simulation-based approach yields empirical MSE distributions that offer 
a more reliable and informative basis for inference, thereby highlighting the limitations of 
neutrosophic bounds and providing a practical alternative for analyzing interval-valued data.   

 
References 

[1]. Alqudah, M., A., Zayed, M., Subzar, M., and Wani, S, A.(2024). Neutrosophic robust ratio 
type estimator for estimating finite population mean. Heliyon, 10(8), e28934.  

[2]. Al-Marzouki, S., and Ahmad, S. (2025). Developing a generalized class of estimators for 
estimation of population mean using neutrosophic approach. European Journal of Pure 
and Applied Mathematics, 18(3), 6477. 

[3]. Al-Marzouki, S., and Ahmad, S.(2025). An enhanced class of estimators for the population 
mean using neutrosophic statistics: A case study of the Islamabad stock exchange.   
European Journal of Pure and Applied Mathematics, 18(3), 6434. 

[4]. Basha, S, M, A., and Usman, M.(2026). Optimal neutrosophic difference to log-type 
estimator for population mean: Some numerical and simulation studies. Neutrosophic Sets 
and Systems, 95, 162–182. 

[5]. Haq, A., and Woodall, W, H.(2025). A critique of neutrosophic statistical analysis 
illustrated with interval data from designed experiments. Journal of Quality Technology, 
57(3), 257–264. 

[6]. Jitendrakumar, B, R., Kumar, A., and Saini, M. (2025). Improved neutrosophic 
exponential-ratio estimator of population mean with simple random sampling.   
Neutrosophic Sets and Systems, 85, 168–181. 

[7]. Kumarapandiyan, G., and Banu, A, S, N. (2026). Estimation of neutrosophic population 
mean utilizing two auxiliary variables. Advances and Applications in Statistics, 93(1), 33–
48. 

[8]. Kumari, A., Singh, R., and Smarandache, F. (2024). New modification of ranked set 
sampling for estimating population mean: Neutrosophic median ranked set sampling with 
an application to demographic data. International Journal of Computational Intelligence 
Systems, 17, 210. 

[9]. Kumar, A., and Priya, P. (2024). Efficient neutrosophic exponential estimators for accurate 
population mean estimation in simple random sampling. Journal of Fuzzy Extension and 
Applications, 1(1), 50–58. 



 JPSS  Vol. 24 No. 1  February 2026  pp. 301-311 

310 
 

[10]. Kumar, A., and Priya, A. (2026). Enhanced neutrosophic estimation procedures for 
population mean under simple random sampling: Insights from stock market analysis. 
REVSTAT – Statistical Journal, (Accepted). 

[11]. Kumar, P. (2024). Neutrosophic 2ଶ -factorial designs and analysis. Journal of Applied 
Physics and Mathematics, 14(2), 59–66. 

[12]. Kumar, S., Kour, P, S., Choudhary, M., and Sharma, V. (2023). Determination of 
population mean using neutrosophic, exponential-type estimator. Lobachevskii Journal of 
Mathematics, 43, 3359–3367. 

[13]. Masood, S., Ibrar, B., Movaheedi, Z., and Shabbir, J. (2024). Estimating neutrosophic 
finite median employing robust measures of the auxiliary variable. Scientific Reports, 14, 
10255. 

[14]. Nagarajan, D., Broumi, S., Smarandache, F., and Kavikumar, J. (2021). Analysis of 
neutrosophic multiple regression. Neutrosophic Sets and Systems, 43, 44–53. 

[15]. Priya, P., and Kumar, A. (2025). Robust neutrosophic exponential estimators of population 
mean in the presence of uncertainty. Quality & Quantity, 59:3827–3850. 

[16]. Purwar, N., Aditya, K., Bharti, Das, P., and Ahmad, T. (2025). Neutrosophic regression 
type estimator for the finite population mean and its applications in real data scenarios.   
Frontiers in Applied Mathematics and Statistics, 11, 1658157. 

[17]. Purwar, N., Aditya, K., Das, P., and Bharti. (2025). neutroSurvey: Neutrosophic Survey 
Data Analysis.  Comprehensive R Archive Network (CRAN), R package version 0.1.0. 

[18]. Ravindrabahadur, A, S., Singh, R., and Tiwari, N, S. (2025). Logarithmic ratio-type 
estimator for finite population mean under neutrosophic framework. Neutrosophic 
Optimization and Intelligent Systems, 7, 11–24. 

[19]. Singh, A., Alotaibi, S, E., and Aslam, M. (2025). Evaluating the consistency of 
neutrosophic data using various statistical distributions: Comparative studies and 
applications. International Journal of Analysis and Applications, 23, 170. 

[20]. Singh, A., Kulkarni, H., Smarandache, F., and Vishwakarma, K, G. (2024). Computation 
of separate ratio and regression estimator under neutrosophic stratified sampling: An 
application to climate data. Journal of Fuzzy Extension and Applications, 5(4), 605–621. 

[21]. Singh, A., Singh, P., Sharma, P., and Aloraini, B. (2025). Estimation of population mean 
using neutrosophic exponential estimators with application to real data International 
Journal of Neutrosophic Science, 25(3), 322–338. 

[22]. Singh, B., Singh, A., and Smarandache, F. (2025). A family of neutrosophic estimators for 
estimating mean: An application to real data. Sankhyā: The Indian Journal of Statistics, 
87-B(Part 2), 712–741. 

[23]. Singh, P., Sharma, P., and Singh, A. (2025). Estimation of population mean using 
generalized neutrosophic exponential estimators. Research in Mathematics, 12(1), 
2474774. 

[24]. Singh, R., Kumari, A., Smarandache, F., and Tiwari, N., S.(2025). Construction of almost 
unbiased estimator for population mean using neutrosophic information. Neutrosophic 
Sets and Systems, 76, 449–463. 

[25]. Singh, R., Kumari, A., Smarandache, F., and Yadav, K, S. (2025). Construction of almost 
unbiased estimator for population median using neutrosophic information.   
Neutrosophic Sets and Systems, 83, 611–624. 



A Critique on Neutrosophic Estimators of Finite         Abdul Haq 
Population Mean Using Interval-Valued Data 

311 
 

[26]. Singh, R., and Kumari, A. (2024). Neutrosophic ranked set sampling scheme for 
estimating population mean: An application to demographic data. Neutrosophic Sets and 
Systems, 68, 246–270. 

[27]. Singh, R., Smarandache, F., and Mishra, R. (2023). Generalized robust-type neutrosophic 
ratio estimators of pharmaceutical daily stock prices. In F Smarandache and M Aslam, 
editors,  Cognitive Intelligence with Neutrosophic Statistics in Bioinformatics, 417–429, 
Academic Press, New York, USA. 

[28]. Singh, R., and Tiwari, N, S. (2025). Improved estimator for population mean utilizing 
known medians of two auxiliary variables under neutrosophic framework.   
Neutrosophic Systems with Applications, 25(1), 42–55. 

[29]. Smarandache, F., and Aslam, M. (2023). Cognitive Intelligence with Neutrosophic 
Statistics in Bioinformatics. Cognitive Data Science in Sustainable Computing. Academic 
Press, Elsevier. 

[30]. Smarandache, F. (1999). A Unifying Field in Logics: Neutrosophic Logic. Citeseer. 
[31]. Stefan, H., Steiner and William H. Woodall. (2025). Control charting with interval-valued 

data. Quality Engineering. 
[32]. Tahir, Z., Khan, H., Aslam, M., Shabbir, J., Mahmood, Y., and Smarandache, F.(2021).  

Neutrosophic ratio-type estimators for estimating the population mean. Complex & 
Intelligent Systems, 7, 2991–3001. 

[33]. Taneja, A., Malik, S., and Jha, S, P. (2025). Neutrosophic exponential ratio-type estimator 
for finite population mean. Neutrosophic Sets and Systems, 95, 213–228. 

[34]. Verma, K, M., Vishwakarma, K, G., and Yadav, K, S. (2023). Uncertainty-based strategy 
for population mean estimation using stratified sampling. Communications in Statistics: 
Case Studies, Data Analysis and Applications, 1–20. 

[35]. Woodall, H, W., Driscoll, R, A., and Montgomery, C, D.(2022). A review and perspective 
on neutrosophic statistical process monitoring methods. IEEE Access, 10, 100456–
100462. 

[36]. Woodall, H, W., King, C., Driscoll, R, A., and Montgomery, C, D. (2025). A critical 
assessment of neutrosophic statistical methods. Quality Engineering, 37(4), 631–644. 

[37]. Yadav, A., Yadav, K, D., Yadav, K, S., and Zaman, T. (2025). A novel neutrosophic 
estimation method for handling uncertainty in population mean estimation. Quality & 
Quantity.  Article in press, https://doi.org/10.1007/s11135-025-02471-6. 

[38]. Yadav, K, S., Singh, R., and Tiwari, N, S. (2025). Estimation of population mean utilizing 
two neutrosophic auxiliary variables with imprecise information. Uncertainty Discourse 
and Applications, 2(1), 17–31. 

[39]. Yadav, K, V., Majhi, D., Alkhathami, A, A., and Prasad, S. (2025). Neutrosophic mean 
estimators using extreme indeterminate observations in sample surveys. Neutrosophic Sets 
and Systems, 80, 86–117. 

[40]. Yadav, K, V., and Prasad, S. (2023). Neutrosophic estimators in two-phase survey 
sampling. Neutrosophic Sets and Systems, 61, 534–578. 

[41]. Yadav, K, V., and Prasad, S. (2024). Neutrosophic estimators for estimating the population 
mean in survey sampling. Measurement: Interdisciplinary Research and Perspectives, 
22(4), 373–397. 

[42]. Zaman, T., and Sozen, C. (2025). Neutrosophic exponential estimators for estimating the 
population mean using auxiliary attributes: An application to temperature data.   
Hacettepe Journal of Mathematics & Statistics, 54(6), 2363–2379. 


