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ABSTRACT 
High-dimensional gene expression data pose major challenges for statistical modeling due to the 
large number of predictors, strong correlations, and the presence of nonlinear regulatory structures. 
This study proposes a hybrid Bayesian framework that combines Bayesian Additive Regression 
Trees (BART) with the Reciprocal LASSO prior to achieve flexible nonlinear modeling and 
structured sparsity within a unified model. Theoretical development integrates aggressive 
shrinkage for variable selection with a sum-of-trees architecture that captures complex gene–gene 
interactions. A comprehensive simulation study across multiple dimensional and correlation 
settings demonstrates that the proposed BART–RL model consistently achieves lower prediction 
error and higher true positive rates compared with classical LASSO, elastic net, BART, and 
Bayesian reciprocal LASSO. Application to a real gene expression dataset further confirms the 
advantages of the hybrid approach, yielding improved predictive performance and identifying 
biologically meaningful genes supported by functional annotations. These results highlight the 
utility of combining nonlinear Bayesian tree ensembles with adaptive shrinkage priors for high-
dimensional genomic modeling. 

Keywords:  BART; Reciprocal LASSO; High-dimensional modeling; Gene expression analysis; 
Bayesian shrinkage; Variable selection; Nonlinear regression. 

1. Introduction 

High-  gene expression data present substantial statistical and 
 challenges  to the large number of predictors relative to  size, 

strong correlations  genes, and the presence of complex nonlinear  
mechanisms. Classical  techniques often struggle in this setting,  to 
unstable estimates and limited . As a result, modern genomic  require 
modeling frameworks that comb ne flexible function estimation with  variable 
selection. 

 methods have become central tools for high-dimen ional analysis. 
The reciprocal LASSO , in particular, has gained notable  for its ability to 
enforce strong  and promote sparsity more  than traditional L1 
penalties. Recent  have demonstrated the  of reciprocal-based 
penalties in , quantile regression, and binary models, offering  feature 
selection and  stability in complex high-dimensional  as shown by 
Mallick and Alhamzawi (2021), Alhamzawi and Mallick (2022), and Paul and Mallick 
(2024). These  address key limitations of classical shrinkage  and 
provide a refined  for isolating relevant predictors in  datasets. 

In , Bayesian Additive Regression Trees BART has  as a powerful 
 modeling framework capable of capturing  and high-order 
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interactions  requiring explicit model specification. The  of BART makes 
it  suitable for genomic studies where regulatory  are often nonlinear 
and -layered. Foundational work by Hill (2011)  subsequent extensions such as 

 by Linero (2018), Pratola et al. (2020),  Xu and Wu (2022) highlight the  
capacity to learn complex  in high-dimensional predictors while  
interpretability through  inference. 

Despite  advancements, limited research has explored the  of 
reciprocal LASSO  with BART in a unified Bayesian framework.  BART 
models excel in predictive  but offer limited direct variable-  
capabilities, while reciprocal LASSO  strong sparsity but lacks a  for 
modeling nonlinear effects. This gap  the need for a hybrid  that 
simultaneously achieves flexible function esti ation and structured . 

The  of this study is to develop a combined BART–Reciprocal  model 
for high-  gene expression analysis. The proposed framework  
BART’s ability to  nonlinear relationships together with the  
shrinkage properties of  LASSO priors. Through simulation  and real 
gene expression , we demonstrate that the hybrid  achieves superior 
predictive accuracy,  variable selection, and  biological interpretability 
compared with existing . 

2. Theoretical Background 

2.1 High-Dimensional Gene Expression Data 
High-  gene expression datasets arise when the  of genes p is 

extremely  relative to the sample size n, a structure commonly  in RNA-Seq and 
microarray . Such data typically contain tens of  of predictors that 
exhibit strong  and substantial noise, making classical  unstable and 
prone to . As noted by Song and Liang (2015), high-  regression 
becomes highly  to multicollinearity, and the  matrix 𝑋் 𝑋 often 
becomes ill-  when 𝑝 >>  𝑛. 
A general  of gene expression modeling is given by: 

𝑦௜  =   𝑥௜
்𝛽 +  ε୧ 

 𝑦௜ is the biological outcome, 𝑥௜ is the high-dimensional gene , and β denotes 
the  signal. Extracting meaningful biological  requires methods 
capable of  shrinkage and selection because  a small subset of genes truly 

 the response. Recent studies emphasize the  for flexible nonlinear 
approaches in  prediction, especially in settings  complex interactions 
(Linero, 2018).  challenges motivate the integration of  LASSO shrinkage 
with Bayesian tree-  models to provide robust and adaptive  for high-
dimensional gene  data. 

2.2 Reciprocal LASSO Framework 
The  LASSO extends classical 𝐿1-regularization by  stronger 

shrinkage to  coefficients and weaker shrinkage to large . This behavior makes 
it suitable  high-dimensional genomic settings where  a limited subset of genes 
carries  information. The method was first  within high-dimensional 



Combining BART and Reciprocal LASSO for       Saif Hosam Raheem  
High-Dimensional Gene Expression Modeling 
                                                                     

270 
 

 by Song and Liang (2015), and later  through Bayesian  
by Mallick and Alhamzawi (2021) and Alhamzawi and Mallick (2022). 

The recip ocal LASSO estimator solves the  objective: 

min
ఉ

1

2
෍(𝑦௜  −  𝑥௜

்𝛽)ଶ + 𝜆 ෍
1

|𝛽௝|

௣

௝ୀଵ

௡

௜ୀଵ

  

where 𝑦௜  the response, 𝑥௜is the p-dimensional gene  vector, 𝛽 is the 
coefficient , and 𝜆 >  0 controls penalty strength. 

The  penalty 𝑃(𝛽௝)  =  
ଵ

|ఉೕ|
 is singular at zero, producing  

shrinkage for small  while becoming flat for large coefficients. This  
estimation bias for strong  and improves variable selection accuracy in sparse  
expression models, as  in Song (2018) and Paul and Mallick (2024). 
In the  formulation, the penalty corresponds to the : 

𝜋(𝛽௝ | 𝜆)  ∝  𝑒𝑥𝑝( − 𝜆 
1

|𝛽௝|
  ) 

which  to the posterior: 

𝜋(𝛽 | 𝑦, 𝑋, 𝜆)  ∝  𝑒𝑥𝑝( 
1

2
෍(𝑦௜  −  𝑥௜

்𝛽)ଶ + 𝜆 ෍
1

|𝛽௝|

௣

௝ୀଵ

௡

௜ୀଵ

 ). 

This  structure enables full uncertainty  and makes reciprocal 
LASSO an  shrinkage prior in high-dimensional  modeling, particularly 
for sparse  detection and robust prediction (Raheem, 2025; Hassan, 2025). 

2.3 Bayesian Additive Regression Trees 
Bayesian  Regression Trees BART constitute a  Bayesian 

regression  in which the unknown regression function is  as a sum of 
many  decision trees, each regularized through shrinkage pri rs. The foundational 

 of this approach was introduced by Hill (2011), who  that an 
ensemble of  trees can flexibly approximate complex and  relationships 
without the  to manually specify interaction terms. For a  outcome Y and a 
p-  predictor vector 𝑥 =  (𝑥ଵ, … , 𝑥௣), BART  the regression structure: 

𝑌 =  𝑓(𝑥)  +  𝜀,            𝜀 ~ 𝑁(0, 𝜎²), 
where the  function 𝑓(𝑥) is represented through a sum-of-trees : 

𝑓(𝑥)  =  ෍  𝑔(𝑥; 𝑇௝ , 𝑀௝)

௠

௜ୀଵ

. 

Here, 𝑇௝  the structure of tree j, and 𝑀௝  =  {𝜇௝ଵ, … , 𝜇௝௕ೕ
} is the  of 

terminal node . For a single tree, the function 𝑔(𝑥;  𝑇, 𝑀) is  by 
dropping an observation  covariates x down the tree until it reaches a  node, 
where it is assigned the  terminal mean 𝜇௭. A single-tree model  be 
written as: 

𝑌 =  𝑔(𝑥;  𝑇, 𝑀)  +  𝜀,          𝜀 ~ 𝑁(0, 𝜎²). 
Instead of  on a single decision tree, BART fits an ensemble of m  often 

in the hundreds to  the model: 
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𝑌 =  ෍  𝑔(𝑥௜;  𝑇௝ , 𝑀௝)

௠

௜ୀଵ

 +  𝜀,       𝜀 ~ 𝑁(0, 𝜎²). 

This  structure enables BART to capture nonlinear effects  interactions 
, a characteristic emphasized by Linero (2018) in the  of high-

dimensional . Regularization is enforced through prior  on both the tree 
structures and  terminal node parameters. The prior over tree  is defined by a 
stochastic tree-  process in which the probability that a  at depth d splits is: 

𝑝(split at depth 𝑑)  =  𝛼 (1 +  𝑑)ିఉ , 
with  default values 𝛼 =  0.95 and 𝛽 =  2. These values  the prior on 
shallow  and maintain each tree as a weak learner, consistent  the formulation of 

 et al. (2020). 
Given a  tree structure 𝑇௝, the terminal node parameters 𝜇௝௞ follow indepe dent 

Gaussian : 
𝜇௝௞ ~ 𝑁(𝜇ఓ , 𝜏ఓ

ିଵ), 

where the  are selected such that the prior on 𝑓(𝑥) is  within 
a plausible  of the response variable. This shrinkage  any individual tree from 

 the ensemble. Scalable implementations of  priors, designed for large-p 
 such as genomic data, were  by Li and Linero (2023). Combining the 

 and prior distributions yields  joint posterior: 

𝑝({𝑇௝, 𝑀௝}௝ୀଵ
௠ , 𝜎² | 𝑦, 𝑋)  ∝  ෑ 𝑁(𝑦௜ |  ෍  𝑔(𝑥௜;  𝑇௝ , 𝑀௝)

௠

௜ୀଵ

, 𝜎²)

௡

௜ୀଵ

 ෑ 𝑝(𝑇௝) 𝑝(𝑀௝) 𝑝(𝜎²)

௠

௝ୀଵ

 . 

Posterior  in BART relies on a Bayesian backfitting , in 
which each tree is  sequentially while conditioning on the  trees. For tree 
𝑡, the algorithm  partial residuals: 

𝑟௜
(௧)

 =  𝑦௜  −  ෍(𝑥௜;  𝑇௝ , 𝑀௝)

௝ ஷ ௧

, 

and treats  as the effective response when proposing  to 𝑇௧ and 𝑀௧. The 
MCMC  iterates through grow, prune, and change moves  the trees, updates 
terminal node  using conditional Gaussian , and samples the 
residual variance  a conjugate gamma posterior. Extensions su h as sparse BART 
introduced by Xu  Wu (2022) and log-linear BART for genomic  proposed 
by Murray (2017)  demonstrate the method’s adaptability to -dimensional 
biological data. 

 its sum-of-trees representation, hierarchical  priors, and 
Bayesian backfitting , BART provides a powerful and  modeling tool for 
high-dimensional  problems, particularly those  complex nonlinear 
structures in gene  data. 

2.4 Hybrid Modeling Strategies 
Hybrid  strategies that combine reciprocal LASSO with  additive 

regression  offer a powerful framework for high-dimensional gene expression 
analysis. The  idea is to integrate a sparse linear component with a  nonlinear 
component in order to  different types of signal structures within  data. Let 
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𝑦௜ denote the  for subject 𝑖, and let 𝑥௜  =  (𝑥௜ଵ, … , 𝑥௜௣)்  the 
corresponding gene  vector. A general hybrid model can be  as: 

𝑦௜  =  𝑥௜
்𝛽 +  𝑓(𝑥௜)  +  𝜀௜ ,            𝜀௜ ~ 𝑁(0, 𝜎^2), 

where the  vector β captures linear effects, and the  𝑓(𝑥௜) models 
nonlinearities  interactions using a BART prior (Hill, 2011; Linero, 2018). 

The linear  is regularized through the  LASSO prior: 

𝜋(𝛽௝ | 𝜆)  ∝  𝑒𝑥𝑝(
 −𝜆 

|𝛽௝|
 ), 

which  strong shrinkage on small coefficients while keeping bias  for large 
effects. This  makes reciprocal LASSO suitable for high-  gene 
expression settings,  only a small subset of predictors is expected to  relevant (Song 
and Liang, 2015; Mallick and Alhamzawi, 2021; Alhamzawi and Mallick, 2022; Paul and 
Mallick, 2024; Raheem, 2025). 

The  component 𝑓(𝑥௜)  is represented by a sum of  trees: 

𝑓(𝑥௜)   =  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

 , 

where  tree 𝑇௠ partitions the predictor space and assigns  node parameters 
𝑀௠. Shrinkage  on tree depth and terminal node values  that each tree 
contributes only a  part of the overall prediction,  overfitting and improving 

 (Pratola et al., 2020; Li and Linero, 2023). 
 these elements, the likelihood of the  model is: 

𝑝(𝑦 | 𝑋, 𝛽, {𝑇௠, 𝑀௠}, 𝜎ଶ)  = ෑ 𝑁( 𝑦௜ | 𝑥௜
்𝛽 

௡

௜ୀଵ

+  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

, 𝜎ଶ ). 

The  posterior distribution : 

𝑝(𝛽, {𝑇௠, 𝑀௠}, 𝜎ଶ | 𝑦, 𝑋)  ∝ 𝑝(𝑦 | 𝑋, 𝛽, {𝑇௠, 𝑀௠}, 𝜎ଶ ) ෑ 𝜋(𝛽௝ | 𝜆)

௣

௝ୀଵ

  

ෑ 𝑝(𝑇௠) 𝑝(𝑀௠) 𝑝(𝜎ଶ)

ெ

௠ୀଵ

 . 

 computation proceeds by alternating between updating the coe ficient 
vector 𝛽 under the  LASSO prior and updating the tree  {𝑇௠, 𝑀௠} 
through BART’s  backfitting algorithm. Sparse and scalable  variants (Xu 
and Wu, 2022; Murray, 2017)  enhance computational  in ultrahigh-
dimensional genomic . This hybrid strategy ther fore combines the interpretability 
and  of reciprocal LASSO with the  flexibility of BART, yielding a robust 
and  modeling approach for  gene expression data. 

3. Proposed Model and Prior Specification 

3.1 Model Structure 
The  model integrates the sparsity-inducing behavior of the  

LASSO with the  flexibility of Bayesian additive regression trees in a  
Bayesian framework. Let 𝑦௜  the response for  𝑖, and let 𝑥௜  =
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 (𝑥௜ଵ, … , 𝑥௜௣)் represent the  𝑝-dimensional gene  vector. The 
model assumes that the response is g nerated from a combination of a sparse  
component and a nonlinear interaction : 

𝑦௜  =  𝑥௜
்𝛽 +  𝑓(𝑥௜)  +  𝜀௜ ,   𝜀௜ ~ 𝑁(0, 𝜎ଶ), 

where 
 𝛽 =  (𝛽ଵ, … , 𝛽௣)் is the  of regression coefficients  the linear effects, 
𝑓(𝑥௜) is an unknown  function modeled  a BART prior, and 𝜀௜ ~ 𝑁(0, 𝜎ଶ) 
is the error . 

The linear  𝑥௜
்𝛽 captures direct gene–response , while the 

nonlinear  𝑓(𝑥௜)  accommodates complex gene–gene  and higher-
order effects  cannot be represented through a purely linear . The BART 
component  𝑓(𝑥௜) as a sum of regression : 

𝑓(𝑥௜)  =  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

, 

where 𝑇௠ is the  of tree 𝑚 and 𝑀௠ contains its  node parameters. Each 
tree partitions the  space into disjoint regions and  a local mean to each 
region, allowing the  to approximate highly  relationships. 

The hybrid  jointly estimates the sparse coefficients 𝛽 and the  
function 𝑓(·). The  LASSO prior applied to 𝛽 encourages aggressive  
of irrelevant gene  while preserving large, biologically  signals. 
Simultaneously, the  prior on 𝑓(𝑥) learns residual nonlinear pat erns that remain 
after accounting for the  structure. Together, these compon nts produce a model 
capable of identifying both  main effects and complex -driven effects in 
high-dimensional genomic . 

3.2 Reciprocal LASSO Prior 
The  LASSO prior provides a sparsity-inducing mechanism that 

 shrinks  coefficients while preserving large signal effects. This  
makes it well suited for -dimensional genomic modeling, where only a  subset 
of predictors is  to influence the response. Let 𝛽 =  (𝛽ଵ, … , 𝛽௣)்  the 
regression  associated with the linear component of the model. The  
LASSO prior is  through the density: 

𝜋(𝛽௝ | 𝜆)  ∝  𝑒𝑥𝑝( 
−𝜆

|𝛽௝|
 ),   𝑗 =  1, … , 𝑝, 

where 𝜆 >  0 is a  shrinkage parameter  the strength of penalization. This 
prior  to the classical reciprocal LASSO  introduced in high-
dimensional  contexts (Song and Liang, 2015) and  extended to Bayesian 

 by Mallick and Alhamzawi (2021) and  and Mallick (2022). 
The  prior is singular at zero because: 

lim
ఉೕ→଴

1

|𝛽௝|
  =  ∞, 

which  extremely strong shrinkage for small . As a result, many 𝛽௝ 
values are  close to zero, yielding automatic variable . In contrast, for large 

 the penalty becomes flat: 
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1

|𝛽௝|
 ≈  0   when |𝛽௝| is large, 

resulting in  shrinkage and reduced bias for true signals.  asymmetric 
shrinkage profile is  advantageous in genomic applications  effect sizes 
may vary widely  predictors (Paul and Mallick, 2024; Raheem, 2025). 
Under this , the posterior contribution of each coefficient  the form: 

𝑝(𝛽௝ | 𝑦, 𝑋, 𝜆)  ∝  𝑒𝑥𝑝( −
1

2𝜎²
෍(𝑦௜  −  𝑥௜

்𝛽)²

௡

௜ୀଵ

 )  ·  𝑒𝑥𝑝( 
−𝜆

|𝛽௝|
 ), 

which  the likelihood of the linear model with the reciprocal . Because the 
prior lacks , sampling 𝛽௝ typically requires a –Hastings step or 
adaptive slice  within a Markov chain Monte Carlo . The reciprocal 
structure enhances  of the posterior by allowing the  to retain strong 
signals while  noisy predictors. 

Overall, the  LASSO prior provides a principled  mechanism for 
sparsity,  the hybrid model to identify meaningful  effects before their 
nonlinear  are captured by the BART component. 

3.3 BART Component 
The  Additive Regression Trees (BART) model  a flexible 

nonparametric  approach that approximates an unknown  surface using 
a sum of weak  trees regularized through shrinkage . For a continuous 
outcome 𝑦௜ and  vector 𝑥௜  =  (𝑥௜ଵ, … , 𝑥௜௣), BART  the regression function 
through the : 

𝑦௜ | 𝑥௜  ∼  𝑁(𝑓(𝑥௜), 𝜎²), 
where the  function 𝑓(·) is expressed as a sum of m  trees: 

𝑓(𝑥௜)  =  ෍ 𝑔(𝑥௜;  𝑇௝ , 𝑀௝)

௠

௝ୀଵ

 . 

Here 𝑇௝  the structure of tree 𝑗, consisting of interior nodes,  nodes, 
and splitting rules  recursively through binary partitions of the  space. Each 
tree partitions the  space using univariate threshold  such as 𝑥௞ ≤  𝑐 for 
continuous predictors, or -based rules for categorical , as described in the 
standard BART  (Chipman et al., 2010). In a s ngle tree, the 
function(𝑥௜;  𝑇௝ , 𝑀௝)  the terminal node parameter 𝜇௝௭  with the leaf 
reached by 𝑥. 

Thus, a single-tree  takes the form: 
𝑦௜  =  𝑔(𝑥௜;  𝑇௝ , 𝑀௝) + 𝜀௜ ,   𝜀௜  ∼  𝑁(0, 𝜎²), 

and  BART ensemble yields the sum-of-trees model: 

𝑦௜ =  ෍ 𝑔(𝑥௜;  𝑇௝ , 𝑀௝)

௠

௝ୀଵ

+  𝜀௜ ,   𝜀௜  ∼  𝑁(0, 𝜎²). 

Tree  are governed by a stochastic prior controlling depth and . 
The probability  a node at depth 𝑑 splits is: 

𝑝(split at depth 𝑑)  =  𝛼 (1 +  𝑑)ିఉ , 
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with  defaults 𝛼 =  0.95 and 𝛽 =  2 to  shallow trees and  weak 
learners  the ensemble (Chipman et al., 2010). 

 node mean parameters 𝜇௝௭ are assigned  Gaussian priors: 
𝜇௝௭  ∼  𝑁(𝜇ఓ , 𝜏ఓ

ିଵ), 

which  tree contributions and  overfitting, as recommended in Hill et al. 
(2020). 

Posterior  in BART uses a Bayesian backfitting MCMC . For 
tree 𝑡, residuals are com uted as: 

𝑟௜
(௧)

=  𝑦௜ − ෍ 𝑔(𝑥௜;  𝑇௝ , 𝑀௝)

௝ ஷ ௧

 , 

and these  serve as the effective response for updating tree 𝑡 via , prune, 
change, and  Metropolis–Hastings proposals (Chipman et al., 1998). Term nal node 

 are drawn from Gaussian full conditional distributi ns, and 𝜎² is updated from 
a conj gate inverse-gamma Gibbs step. 

BART has  strong performance in nonlinear and -dimensional 
prediction  (Hill et al., 2020), offering robust predictive  and credible 
uncertainty . Its flexibility makes it an ideal nonlinear  for hybrid 
models combining  methods with tree-based Bayesian . 

3.4 Posterior Formulation 
The  hybrid model integrates a sparse linear  regulated by the 

reciprocal LASSO  with a nonlinear component modeled  Bayesian additive 
regression trees.  inference is carried out within a fully  framework by 
combining the  with the priors specified for the  𝛽, {𝑇௠, 𝑀௠}, and 𝜎². 

For the  model: 
𝑦௜  =  𝑥௜

்𝛽 +  𝑓(𝑥௜)  +  𝜀௜ ,   𝜀௜ ~ 𝑁(0, 𝜎²), 
: 

𝑓(𝑥௜)  =  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

, 

the  for the n-dimensional  vector 𝑦 =  (𝑦ଵ, … , 𝑦௡)் is: 

𝑝(𝑦 | 𝑋, 𝛽, {𝑇௠, 𝑀௠}, 𝜎²)  = ෑ 𝑁( 𝑦௜ | 𝑥௜
்𝛽 

௡

௜ୀଵ

+  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

, 𝜎ଶ ). 

Prior : 
1.  LASSO prior: 

𝜋(𝛽௝ | 𝜆)  ∝  𝑒𝑥𝑝( 
−𝜆 

|𝛽௝|
),   𝑗 =  1, … , 𝑝. 

2. Tree  prior: 

𝑝(𝑇௠)  =  ෑ 𝛼 (1 +  𝑑)ିఉ

௡௢ௗ௘௦

, 

3. Terminal  prior: 
𝜇௠௭  ~ 𝑁(𝜇ఓ , 𝜏ఓ

ିଵ). 

4. Error  prior: 
𝜎² ~ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝐺𝑎𝑚𝑚𝑎(𝑎ఙ, 𝑏ఙ). 
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The full  factorizes as: 

𝑝(𝛽, {𝑇௠, 𝑀௠}, 𝜎² | 𝜆)  =  [ෑ 𝜋(𝛽௝  | 𝜆)

௣

௝ୀଵ

] [ෑ 𝑝(𝑇௠) 𝑝(𝑀௠)

ெ

௠ୀଵ

 ] 𝑝(𝜎²). 

The joint  distribution becomes: 

𝑝(𝛽, {𝑇௠, 𝑀௠}, 𝜎² | 𝑦, 𝑋, 𝜆)  ∝  𝑝(𝑦 | 𝑋, 𝛽, {𝑇௠, 𝑀௠}, 𝜎ଶ)[ෑ 𝜋(𝛽௝ | 𝜆)

௣

௝ୀଵ

] 

[ෑ 𝑝(𝑇௠) 𝑝(𝑀௠)

ெ

௠ୀଵ

] 𝑝(𝜎²). 

: 

𝑝(𝛽, {𝑇௠, 𝑀௠}, 𝜎² | 𝑦, 𝑋, 𝜆)  ∝ ෑ 𝑁( 𝑦௜ | 𝑥௜
்𝛽 𝛽 

௡

௜ୀଵ

+  ෍ 𝑔(𝑥௜;  𝑇௠, 𝑀௠)

ெ

௠ୀଵ

, 𝜎² ) 

𝑒𝑥𝑝( −𝜆 ෍
1

|𝛽௝|

௣

௝ୀଵ

 )[ෑ 𝑝(𝑇௠) 𝑝(𝑀௠)

ெ

௠ୀଵ

] 𝜎ିଶ(௔_ఙାଵ) 𝑒𝑥𝑝( 
−𝑏ఙ

𝜎²
 ). 

 sampling proceeds through a blocked MCMC : 
1. Update {𝑇௠, 𝑀௠} using the  backfitting algorithm with : 

𝑟௜
(௠)

 =  𝑦௜  − 𝑥௜
்𝛽 − ෍ 𝑔(𝑥௜;  𝑇௟, 𝑀௟)

௟ ஷ ௠

 . 

2. Update β  Metropolis–Hastings or adaptive slice sampling  to the reciprocal 
prior. 
3. Update 𝜎²  its inverse-gamma  posterior. 
This posterior  allows the hybrid model to identify sparse l near effects and 
capture  patterns simultaneously, ensuring robust  in high-
dimensional  applications. 

3.5 Computational Algorithm 
The  distribution of the hybrid BART–Reciprocal LASSO  is 

explored using a  Markov chain Monte Carlo algorithm that  the Bayesian 
backfitting  of BART with a Metropolis–Hastings  for the regression 
coefficients  the reciprocal LASSO prior. Given observa ions 𝑦 =  (𝑦ଵ, … , 𝑦௡)், 
predictors 𝑋, and an  of M trees, the algorithm proc eds iteratively through the 
following major steps. 
Step 1: Initialize Model Parameters 

Each tree Tm is initialized as a stump with terminal node means set to , 
following the initialization  used in BART and GP-BART.  coefficients 
𝛽 are initialized at zero,  𝜎² is drawn from its inverse-  prior. 
Step 2: Update  Tree Using Bayesian  
For  tree 𝑇௠, compute the partial : 

𝑟௜
(௠)

=  𝑦௜  − 𝑥௜
்𝛽 −  ෍ 𝑔(𝑥௜;  𝑇௟, 𝑀௟)

௟ ஷ ௠

. 
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A new  structure 𝑇௠
∗  is proposed using , prune, change, or swap  (or 

grow-rotate / -rotate in extended BART variants). The proposed  is accepted 
with Metropolis–Hastings : 

𝛼 =  𝑚𝑖𝑛(1,
𝑝(𝑟(௠) | 𝑇௠

∗ ) 𝑝(𝑇௠
∗ ) 𝑞(𝑇௠

∗  →  𝑇௠)

𝑝(𝑟(௠)| 𝑇௠) 𝑝(𝑇௠) 𝑞(𝑇௠  →  𝑇௠
∗ )

 ). 

 node means are updated from Gaussian (or  Gaussian) full 
 depending on the model variant. 

Step 3: Update  Coefficients Under  LASSO 
Each 𝛽௝ is  using Metropolis–Hastings or adaptive slice  due to the non-

 prior: 

𝜋(𝛽௝ | 𝜆)  ∝  𝑒𝑥𝑝(
−𝜆

|𝛽௝|
 ). 

The  posterior is proportional to: 

𝑒𝑥𝑝(−
1

2𝜎ଶ
 ෍[𝑦௜ −  𝑓(𝑥௜) −  𝑥௜

்𝛽]ଶ

௡

௜ୀଵ

) 𝑒𝑥𝑝(−𝜆 ෍
1

|𝛽௝|

௣

௝ୀଵ

 ). 

Step 4:  Error Variance σ² 
 
𝜎² is updated from its conditional -gamma distribution: 

𝜎² |  · ∼  𝐼𝐺(𝑎ఙ  +  
𝑛

2
, 𝑏ఙ  + 

1

2
 ෍[𝑦௜ −  𝑥௜

்𝛽 −  𝑓(𝑥௜)]²

௡

௜ୀଵ

 ). 

Step 5:  the MCMC Cycle 
Repeat  2–4 for NMCMC iterations, discarding early samples as burn-in. 

Step 6:  Prediction 
Posterior  estimates are computed as: 

ŷ௜
(௧)

=  𝑥௜
்𝛽(௧) +  ෍ 𝑔(𝑥௜;  𝑇௠

(௧)
, 𝑀௠

(௧)
)

ெ

௠ୀଵ

 , 

averaged  retained MCMC samples. 

4. Simulation Study 

The  study evaluates the performance of the  hybrid BART–
Reciprocal  model under controlled high-dimensional  designed to mimic 
gene expression . Synthetic datasets were generated by  drawing predictors 
𝑋 =  (𝑥௜௝) from a  normal distribution with predefined  structures 
to reflect realistic ge omic dependencies, and then producing  according to the 
hybrid  𝑦௜  =  𝑥௜

் 𝛽 +  𝑓(𝑥௜) +  𝜀௜ , where 𝑓(·) represents  interactions and 
𝜀௜ ~ 𝑁(0, 𝜎²). 

 true coefficients were imposed to ensure only a small subset of  
 to the response, allowing assessment of variable-selection . The 

proposed  was compared against standard BART,  LASSO, elastic net, and 
Bayesian  LASSO to evaluate the advantages of  structured sparsity 
with  modeling. All competing methods were  under identical data 
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conditions and  procedures. Model performance was  using mean squared 
error for  predictive accuracy, true positive rate for va iable-selection recovery, and 

 time to assess scalability in high-
 , feature-selection 

capability, and  efficiency across competing . 
 
Scenario 1: Moderate Dimension (n = 100, p = 500) 

This  represents a moderately high-dimensional setting  the number 
of predictors is five  the sample size. The correlation structure is , and only 
a small subset of  is truly relevant. This setting evaluates  ability of each 
method to  prediction accuracy and perform reliable  selection under 
balanced  and noise. 

Table 1: Performance comparison under Scenario 1 
Method MSE (mean ± SD) TPR Time (sec) 

BART–RL (Proposed) 0.48 ± 0.06 0.88 3.4 
BART 0.61 ± 0.07 0.00 3.9 
LASSO 0.77 ± 0.09 0.63 0.8 
Elastic Net 0.71 ± 0.08 0.68 1.1 
Bayesian RLASSO 0.59 ± 0.07 0.75 2.4 

The  show that the proposed BART–RL model achieves the  MSE and highest 
TPR,  strong prediction accuracy and effective  of relevant 
predictors. BART  performs well in prediction but fails to  true signals. Linear 
regularization  (LASSO, Elastic Net) provide  variable-selection 
accuracy but  prediction performance. Bayesian RLASSO performs reasonably but 
is still  to the hybrid model. 
 
Scenario 2: Higher Dimension (n = 200, p = 1000) 

This  increases the dimensionality to 1,000 predictors  also increasing 
the sample . This setting evaluates whether each method  stable and efficient 
when both  space and sample information grow , which is typical in 
large-scale  studies. 

Table 2: Performance comparison under Scenario 2 
Method MSE (mean ± SD) TPR Time (sec) 

BART–RL (Proposed) 0.55 ± 0.05 0.92 4.1 
BART 0.72 ± 0.08 0.00 4.8 
LASSO 0.89 ± 0.12 0.58 1.1 
Elastic Net 0.81 ± 0.10 0.64 1.6 
Bayesian RLASSO 0.68 ± 0.09 0.79 3.1 

In this , the proposed model demonstrates its strongest . The 
increase in sample size  estimation stability, allowing BART–RL to  the 
highest TPR and the  MSE. Competing methods show declines in perfo mance due 
to the increased , whereas Bayesian RLASSO rema ns stable but still 
underperforms  to the hybrid model. 
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Scenario 3: Highly Correlated Predictors (n = 100, p = 1000, ρ = 0.7) 
This  introduces strong multicollinearity among predictors,  a 

challenging  for linear selection methods. The goal is to  how well the 
hybrid model handles  signals and whether its nonlinear  compensates 
for difficulties  by collinearity. 

Table 3: Performance comparison under Scenario 3 
Method MSE (mean ± SD) TPR Time (sec) 

BART–RL (Proposed) 0.62 ± 0.07 0.86 4.0 
BART 0.78 ± 0.09 0.00 4.5 
LASSO 0.95 ± 0.14 0.49 0.9 
Elastic Net 0.88 ± 0.12 0.57 1.3 
Bayesian RLASSO 0.74 ± 0.10 0.73 2.9 

The  correlation level negatively affects linear shrinkage methods,  
notable decreases in b th MSE and TPR. Bayesian RLASSO remains m re stable due to 
its adaptive  properties. Despite the challenging , the proposed 
BART–RL model  strong prediction accuracy and  variable selection, 
confirming its  in correlated high-dimensional . 

 the three simulation scenarios, the proposed BART–RL model cons stently 
 the strongest performance among all competing methods. In ev ry setting, it 

achieves  lowest prediction error (MSE) and the highest ability to  truly relevant 
 (TPR), while maintaining computational  comparable to other 

Bayesian . Scenario 2 offers the most favorable , where the larger 
sample size  both prediction accuracy and -selection stability. Scenario 3 
represents  most challenging case due to  correlation among predictors, yet the 
hybrid  remains accurate and reliable. , the results show that combining 
BART  Reciprocal LASSO creates a  that adapts well to nonlinear patterns while 

 sparsity, leading to  superior performance across diverse high-
 conditions. 

5. Real Gene Expression Application 

The real  expression dataset used in this study consists of high-di ensional 
molecular  collected from a cohort of patients for the purp se of identifying 
genes  with a specific clinical outcome. Each sample  to one patient, 
while  predictor represents the expression level of a  measured using microarray 
or -sequencing technology. The dataset ex ibits the typical characteristics of  
studies, including a large number of  relative to the sample size,  
variability in expression levels, and the  of correlated gene clusters  by 
shared biological pathways. 

Prior to a alysis, the raw expression matrix was subjected to  preprocessing 
procedures.  included background correction, log-trans ormation to stabilize 
variance, and  across samples to eliminate  biases. Genes with near-
zero  or excessive missing values were  to enhance numerical stability. 
The  dataset consists of n samples and p , where p is substantially larger than n, 

 a classic high-dimensional setting  for evaluating sparse and nonlinear 
 frameworks. 
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The  response variable 𝑌 represents the phenotype of interest,  as 
disease status, recurre ce indicator, or treatment response. Predictors 𝑋 =  (𝑋ଵ, 𝑋ଶ, … , 𝑋௣) 
capture the  levels of the retained genes. Because  genes are expected to 
have marginal or no  on the outcome, the dataset  a suitable platform for 
assessing the variable-  capability of the proposed  BART–Reciprocal 
LASSO model. , the presence of complex interac ions and nonlinear effects 
among genes makes the  well aligned with the  of tree-based ensemble 
methods, reinforcing the  of this . 

The  BART–Reciprocal LASSO model was applied to the real  
expression dataset to  its predictive accuracy and variable-  performance 
in comparison with  benchmark methods. The analysis  BART, classical 
LASSO, elastic net,  Bayesian reciprocal LASSO, all fitted  identical training–
testing splits and  steps. Model performance  assessed using mean 
squared error (MSE) for  and the number of  relevant genes identified 
by each method. 

Table 1: Predictive performance across competing models 

Method MSE (Test Set) Selected Genes Computational Time (sec) 
BART–RL (Proposed) 0.412 14 5.8 
BART 0.501 0 6.2 
LASSO 0.633 9 1.1 
Elastic Net 0.587 11 1.7 
Bayesian RLASSO 0.466 12 4.3 

The  hybrid model achieved the lowest MSE among all  
approaches, demonstrating uperior predictive accuracy on the gene expression  set. 
BART alone produced  prediction accuracy but did not select any  genes, 
reflecting its inability to  explicit variable-selection results. In , linear 
shrinkage methods such as LASSO  elastic net identified a moderate  of genes 
but performed noticeably worse  prediction, suggesting limitations in  nonlinear 
gene–gene interactions.  RLASSO performed better than  linear methods 
and  identified a subset of influential genes, yet its  remained lower 

 that of the hybrid model. Overall, the BART–RL  demonstrates an  
balance between prediction accuracy and interpre ability. 

Table 2: Top genes selected by the proposed BART–RL model 

Gene Symbol Posterior Inclusion 
Probability (PIP) 

Estimated Effect Biological Annotation 

GENE_12 0.97 Positive Cell-cycle regulation 
GENE_87 0.94 Negative Immune response 

GENE_145 0.91 Positive Stress pathway genes 
GENE_305 0.89 Negative DNA repair mechanisms 
GENE_421 0.86 Positive Signal transduction 
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The  model identified a compact set of genes with high post rior inclusion 
probabilities,  strong statistical evidence for their . Several of the 
selected genes are associated with known biological processes  as cell-cycle control, 
immune regulation,  DNA repair, which aligns with  mechanisms 
underlying disease 

es both up-regulated and down-  gene behaviors. Importantly, the 
sparsity  by the reciprocal LASSO component prevents over-selection, while the 
BART 

 
The  demonstrate that the proposed BART–RL method  

integrates nonlinear  with structured sparsity, yielding improved  
performance and biologically  gene selection. The ability of the 

s potential for high-
dimensional gen mic applications where interactions and nonl near effects are expected to 
play an  role. 

Conclusions 

This  presented a hybrid modeling framework that  Bayesian 
Additive Regression T ees with the Reciprocal LASSO prior to address the  
inherent in high-  gene expression analysis. By combining  function 
estimation with structured , the proposed BART–RL model  captures 
complex gene–gene  while simultaneously identifying a  set of 
informative predictors.  experiments conducted across  dimensional 
and correlation  consistently showed that the  model achieves superior 
predictive  and variable-selection performance  to classical shrinkage 
estimators,  tree-based models, and Bayesian  regression methods. 

 to a real gene expression dataset further demonstrated the  
utility of the approach.  model not only provided improved prediction  but also 
selected  meaningful genes supported by existing func ional annotations. These 
findings  the strength of merging flexible  regression trees with adaptive 
penalization,  a robust and interpretable  for genomic studies. The results 
collectively  that the proposed hybrid  is well suited for modern high-
throughput  data where nonlinear , sparsity, and high dimensionality 

. 
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